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Abstract

We examine how unanticipated income shocks shape taxi drivers’ labor supply within a shift,
focusing jointly on break-taking and shift-ending decisions. Using high-frequency GPS data
from 3.4 million shifts and more than 21,000 drivers in Singapore, we distinguish active work
from non-work spells while drivers remain on shift, providing a direct measure of within-shift
effort adjustment. Consistent with a dynamic model of reference-dependent labor supply, income
shocks generate substantial responses along both margins, but the operative margin depends
systematically on a driver’s position in the shift. Shocks primarily affect break-taking over
a broad middle stretch of the shift and affect quitting only as drivers approach their typical
end-of-shift time. Break adjustments account for a considerable portion of the total change
in labor-supply. Focusing on stopping behavior alone, therefore, understates the magnitude of
reference-dependent labor supply responses and makes them appear more concentrated near the
end of the shift than they are. The findings show that workers partially absorb income shocks
through within-shift effort adjustments well before quitting becomes the relevant margin, with
implications for measuring labor supply and designing incentives in goal-directed work settings.
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A large body of evidence suggests that individuals evaluate outcomes relative to expectations and
salient benchmarks, and that such reference points shape behavior across domains ranging from
consumer choice and financial decision-making to contract negotiations and health behavior (e.g.,
O’Donoghue and Sprenger 2018). In labor economics, these ideas have motivated a large literature
on income targeting and labor supply. Workers pursuing earnings targets make repeated effort-
allocation decisions over the course of a shift before ultimately deciding when to stop working. Yet
field evidence on income targeting has focused primarily on stopping decisions. As a result, an
important question remains unresolved: how do workers adjust labor supply in response to income
shocks while on the path toward a target?

This distinction matters because theories of reference dependence imply that income shortfalls
may distort marginal incentives throughout the work spell, not only at the quitting margin. Workers
who fall behind a daily earnings target need not wait until the end of the day to respond; they can
instead adjust labor supply earlier by working more intensively. If such within-shift adjustments
partially absorb income shocks before quitting becomes relevant, then focusing exclusively on stop-
ping behavior may understate the total magnitude of reference-dependent labor-supply responses
and mischaracterize their timing.

This paper studies reference-dependent labor supply in a dynamic setting where workers jointly
manage break-taking and stopping decisions over the course of a shift. Using high-frequency GPS
data from 3.4 million taxi shifts involving more than 21,000 drivers in Singapore, we examine how
unanticipated income shocks propagate across break-taking and quitting margins. A key feature of
our setting is that we observe both stopping behavior and within-shift non-work spells, allowing us
to distinguish prolonged non-work intervals and directly measure a key proxy for within-shift effort
adjustment along the path toward a target.

To clarify why and when different margins respond to unanticipated income shocks, Section 3
develops a dynamic labor-supply framework in which a driver chooses among working, break-
taking, and quitting while managing fatigue and progress toward an earnings target. It highlights
two features of reference-dependent labor supply that are difficult to see from stopping behavior
alone. First, income shocks can affect effort before the terminal stopping decision: a driver who falls
behind the target has a stronger incentive to convert available time into earnings and may therefore
take fewer breaks. Second, the operative margin of adjustment depends on the driver’s position in
the shift. When fatigue has accumulated but the typical endpoint is still distant, income shocks
primarily affect the work—break-taking margin. As the expected endpoint approaches, income
shocks increasingly affect the decision to continue working or quit. The model therefore clarifies
why early income shocks may have muted effects on quitting even when they generate meaningful
labor-supply responses: adjustment may already have occurred through effort along the path.

Guided by these insights, our empirical analysis examines both margins of adjustment: the
extensive margin of ending the shift and the intensive margin of break-taking while still on shift.
Documenting how these responses propagate throughout the shift requires both the right state
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variable and the right income variation. We depart from prior work in two ways: we characterize
decision states using position relative to each driver’s typical schedule endpoint, rather than hours
worked alone, and we isolate earnings variation that is plausibly exogenous to contemporaneous
effort choices.

The first departure aligns observations by the relevant decision state. Hours worked alone pools
drivers with very different remaining horizons: a driver six hours into a typical twelve-hour shift
is near the midpoint, while a driver six hours into a typical six-hour shift is near the expected
endpoint. These drivers are likely to respond along different margins. Indexing time by schedule
position instead aligns drivers by proximity to their typical stopping point, allowing us to detect
when income shocks affect break-taking versus quitting throughout the driver’s shift. Importantly,
a driver’s typical schedule is predetermined with respect to within-shift income shocks, so position
within the shift provides a state variable that is not mechanically affected by contemporaneous
earnings realizations.

The second departure recognizes that cumulative earnings are not a clean measure of income
shocks. Prior work proxies income shocks with cumulative earnings while controlling for common
market factors using a rich set of fixed effects (Camerer et al. 1997, Farber 2005, 2015, Thakral
and Tô 2021). But cumulative earnings are shaped by endogenous break-taking. For example,
drivers who anticipate ending their shift earlier tend to take fewer breaks and accumulate higher
cumulative earnings, generating an upward bias in estimated income-targeting responses. We use
two complementary approaches to isolate income variation that is orthogonal to contemporaneous
effort. The first exploits quasi-exogenous negative income shocks from rider-initiated cancellations
and passenger no-shows (henceforth CNS events) as in Duong et al. (2023). These shocks reduce
earnings conditional on being actively working and are unlikely to reflect drivers’ contemporaneous
effort choices. The second constructs a novel earnings-shock measure that preserves variation from
both positive and negative income shocks while removing the mechanical effect of break-taking on
earnings by conditioning on active work.

We find that both break-taking and quitting respond to income shocks in economically mean-
ingful ways, but the operative margin depends systematically on a worker’s position in the shift:
shocks affect break-taking over a broad middle stretch of the shift and stopping primarily near the
worker’s typical end-of-shift time. For example, in the middle of the shift, a CNS event reduces the
probability of taking a break by about 42% relative to baseline, allowing drivers to partially offset
lost income before reaching the quitting decision. By contrast, the effect on quitting is negligible
until late in the shift, after which it rises sharply: near the regular endpoint of a driver’s work sched-
ule, a CNS event reduces the quitting hazard by about 30%. These patterns also emerge when we
use our wage-based measure of income shocks, although the estimated effects are smaller in mag-
nitude, as one might expect if drivers respond more strongly to income losses than to comparable
gains.

Combining responses across both margins, we find that break adjustments are roughly one-half
to two-thirds as large as the corresponding work time adjustments through quitting. These patterns
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shed new light on earlier evidence based on stopping decisions in two ways. First, income shocks
affect total labor supply throughout the shift: earlier labor supply responses have remained hidden
because they operate through breaks rather than through quitting. Second, break-taking responses
partially absorb income shortfalls, altering the income path that later reaches the stopping deci-
sion. This endogenous-absorption channel complements the adaptive-reference-point explanation
in Thakral and Tô (2021): early shocks may leave little trace in stopping decisions not only because
reference points adjust but also because workers have already responded through within-shift effort.

This paper contributes to the literature on income targeting and reference-dependent labor
supply in three ways. First, we show that reference-dependent labor supply operates through
multiple interacting margins over the course of a shift, not only through the stopping decision
emphasized in prior work. Using direct measures of within-shift non-work spells, we document that
workers respond to income shocks through adjustments in break-taking well before quitting becomes
relevant, reframing income targeting as a dynamic adjustment process unfolding throughout the
work spell rather than solely impacting the terminal stopping decision. Second, we show that
the operative margin is state-dependent: shocks affect break-taking when the typical endpoint is
distant and stopping as it approaches. Indexing time by each driver’s typical shift rather than by
hours worked uncovers systematic patterns consistent with a forward-looking model of reference-
dependent labor supply and helps sharpen findings in prior work that pool observations from very
different points in the decision problem. Third, our findings have implications for the measurement
and interpretation of reference-dependent labor supply. Because workers partially absorb income
shocks through within-shift effort adjustment before quitting becomes relevant, analyses based
solely on stopping behavior may understate the total labor-supply response to income shocks and
mischaracterize its timing. More broadly, our findings suggest that the apparent concentration of
income-targeting responses near stopping points partly reflects the labor-supply margin observed
by the researcher.

Taxi driving is the canonical setting for studying reference-dependent labor supply because
drivers typically work full time while retaining substantial discretion over both how long and how
intensively they work. However, the implications of our findings extend beyond taxi driving. In
gig-economy and commission-based settings, firms increasingly use dynamic incentives, such as
temporary price surges, bonus campaigns, and missed-trip compensation, to influence labor supply.
Our results suggest that the timing of incentives may be as important as their magnitude, affecting
not only how long workers remain on a shift, but also their willingness to convert time and effort
into earnings throughout it.

Camerer et al. (1997) proposed that reference-dependent preferences may induce backward-bending
labor supply if workers derive gain–loss utility around a daily earnings target, a provocative idea
often referred to as income targeting. In its strongest form, the hypothesis implies that workers
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may supply less labor when wages are temporarily high because they reach their expected earnings
target sooner. Empirical support for this prediction has been limited. Instead, most studies exam-
ining anticipated wage variation find that labor supply increases overall when expected wages rise,
(e.g., among stadium vendors (Oettinger 2001), New York taxi drivers (Farber 2005), Florida lob-
ster fishermen (Stafford 2015), Indian boat owners (Giné et al. 2017), Swedish street-paper sellers
(Ekman et al. 2026), Zurich bicycle messengers (Fehr and Goette 2007, Goette and Huffman 2006),
and workers in the online labor market MTurk (Doerrenberg et al. 2023)). These findings sug-
gest that workers respond positively to anticipated earning opportunities in a broadly neoclassical
manner.

At the same time, a related literature shows that goals and expectations can shape behavior.
Heath et al. (1999) argue that goals function as reference points in the prospect-theory sense,
creating regions of heightened motivation below the target and reduced marginal motivation above
it, predicting a disproportionate concentration of achievements around the goal. This is empirically
observed around salient but non-pecuniary thresholds and goals across a wide range of domains
(e.g., marathon runners finishing times (Allen et al. 2017); professional baseball players, SAT exam
retakes and laboratory experiment participants (Pope and Simonsohn 2011)). More recent work
emphasizes that goals are themselves expectations-based, emerging from anticipated performance,
earnings, or personal standards (Strulov-Shlain and Wellsjo 2025, Crawford et al. 2025).

Expectations-based models of reference dependence (Kőszegi and Rabin 2006, 2007, 2009) pro-
vide a natural way to reconcile these findings. In these models, anticipated wage variation can
be incorporated into the worker’s reference distribution or planned path, so it need not generate
the same gain–loss response as an unexpected realization during the shift. By contrast, unantici-
pated deviations from expected earnings are especially likely to create gain–loss utility around the
worker’s reference point and to distort labor supply relative to the planned path. This distinction
helps explain why field evidence on anticipated wage variation often finds positive labor-supply
responses, while evidence based on plausibly unanticipated income variation is more consistent
with income targeting. In taxi settings, within-shift income variation beyond market-level earnings
rates affects quitting decisions (e.g., Crawford and Meng 2011, Farber 2008, 2015, Agarwal et al.
2015, Saia 2022, Duong et al. 2023); related evidence appears in other industries (e.g., Nguyen and
Leung 2013, Hammarlund 2018, Kukavica et al. 2022). More broadly, unanticipated performance
deviations also affect participation among chess players in a reference-dependent manner (Avoyan
et al. 2025). Finally, consistent with models in which reference points update over the course of
the shift, Thakral and Tô (2021) show that quitting decisions respond more strongly to recent
income shocks than to earlier shocks, while Crawford et al. (2025) provide direct survey evidence
that drivers’ expectations function as reference points and evolve with recent earnings experience.

The importance and interpretation of income targeting evidence nevertheless remain debated.
For example, Farber (2015) finds that the probability of stopping a shift rises more sharply with
hours than with income and interprets this pattern as evidence against the relevance of income
targeting. We view this and related evidence differently. Evidence that hours worked strongly
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predicts stopping, and especially the role of contractual obligations documented by Frechette et al.
(2019), highlights the central role of schedules in organizing labor-supply decisions, and therefore
has implications for how empirical tests of income targeting should be structured.

Workers do not make stopping decisions in isolation from expectations about how long they
intend to work. As emphasized by Frechette et al. (2019), many taxi drivers face contractual
or institutional constraints that shape their schedules. Other work suggests workers experience
loss aversion not only with respect to earnings but also with respect to working longer than ex-
pected (Crawford and Meng 2011, Agarwal et al. 2015). Consistent with schedules being salient
and relatively stable, Crawford et al. (2025) document that drivers hold rigid expectations about
intended work hours within a given day even as earnings expectations evolve over the course of the
shift. Although it is difficult to separate whether schedules matter through contractual constraints,
schedule-based expectations, or both, these mechanisms share a common implication: the incen-
tives governing labor-supply decisions vary systematically as workers approach planned or expected
stopping points.

This perspective has important implications for how income targeting should be empirically
examined. Prior work has recognized that labor-supply responses to income shocks may evolve
over the course of a shift, but has typically operationalized the decision state using hours elapsed,
either parametrically through interactions (e.g., Crawford and Meng 2011, Farber 2015, Agarwal
et al. 2015) or through flexible nonparametric specifications (Thakral and Tô 2021, Duong et al.
2023, Kukavica et al. 2022). We argue conceptually and show empirically that schedule position
is a key state variable for response heterogeneity. A driver five hours into a six-hour shift faces a
fundamentally different decision problem from a driver five hours into a ten-hour shift, even though
both have worked the same number of hours. Once labor supply is indexed relative to the driver’s
typical stopping point, a sharp pattern emerges: quitting responses to income shocks are close to
zero throughout most of the shift, but rise sharply as workers approach their typical endpoint. This
implies that earlier work attenuated the estimated importance of income targeting on the quitting
margin by aggregating together observations from fundamentally different regions of the decision
problem. Moreover, we also show that an important portion of labor-supply adjustment occurs
through the intensive margin. Workers respond strongly through break-taking well before quitting
becomes behaviorally relevant, and we quantify the contribution of this margin to total labor-
supply adjustment. Taken together, our findings suggest that income targeting is more economically
important than previously recognized once labor supply is analyzed relative to workers’ planned
schedules and across multiple adjustment margins.

Another challenge to the income-targeting interpretation of prior evidence is provided by Buch-
holz et al. (2026), who argue that several empirical patterns previously attributed to reference
dependence can instead arise from rational dynamic optimization. They emphasize two mecha-
nisms. First, measured hourly earnings decline mechanically over the course of a shift because time
between trips rises with hours worked, which they interpret primarily as increased break-taking or
reduced productivity later in the shift. This induces a negative relationship between average hourly
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earnings and shift length even when workers respond positively to earning opportunities. Second,
recent high earnings may predict lower future earning opportunities: long, high-paying trips often
end in low-continuation-value locations with sparse future demand, so a forward-looking driver may
rationally quit after a positive recent earnings realization. In this account, the positive relationship
between recent earnings and quitting reflects information about future continuation values rather
than gain–loss utility around an earnings target.

Our findings both address the concerns raised by Buchholz et al. (2026) and highlight additional
insights that become visible once within-shift effort allocation is directly observed and schedule
position is accounted for. First, unlike their setting, we directly observe within-shift non-work spells
rather than inferring breaks from waiting times between trips. Our findings suggest a different view
of how worker productivity evolves over the course of a shift. In particular, break-taking does not
evolve monotonically throughout the workday. Drivers become more likely to take breaks as the
shift wears on, but this pattern reverses as they approach the end of the shift, consistent with a
dynamic optimization problem in which the value of taking a break decreases as the remaining
time on the shift shrinks. Strikingly, this non-monotonic pattern is observed across shifts of very
different lengths, suggesting that it cannot be explained solely by production technology or fatigue
accumulation. The monotonic increase in break-taking with hours worked documented by Buchholz
et al. (2026) may therefore either reflect differences in the underlying data or arise from aggregating
together drivers at very different positions within their planned work schedules.

Our empirical strategy also directly addresses the potential confound arising from the continuation-
value mechanism emphasized by Buchholz et al. (2026) by controlling for location and time in the
main specifications and showing robustness to fully interacted date-by-hour-by-area fixed effects,
which directly absorb local continuation-value differences across time and space. Moreover, unlike
realized high-earning trips, cancellation and no-show shocks do not mechanically relocate drivers
to the destination of a trip. At the same time, we agree with the broader critique that realized
earnings are not exogenous, though for a different reason. In our setting, realized earnings are
endogenous precisely because workers dynamically adjust effort through break-taking in response
to both prior income shocks and expected remaining time on the shift. These systematically non-
monotonic within-shift productivity patterns motivate the need to use income variation that is
orthogonal to break-taking behavior.

Although break-taking has been discussed as a source of potential econometric bias, most of the
prior literature on income targeting has nevertheless treated quitting as the primary manifestation
of reference-dependent labor supply and has not directly examined within-shift effort adjustment.
Our findings suggest that this perspective is incomplete. The idea that effort may respond to goals is
not new. Laboratory tests of expectations-based reference dependence in real-effort tasks show that
individuals provide relatively higher effort when outcomes remain below expected targets (Abeler
et al. 2011). Relatedly, Fonseca and Rahimi (2022) show that random income windfalls reduce
effort provision in a high-stakes laboratory setting. More broadly, some literature on goal-pursuit
shows that individuals dynamically modulate effort as they progress toward their goals (Kivetz
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et al. 2006, Allen et al. 2017). But these studies do not address whether such motives govern the
dynamic allocation of effort within real-world work-shifts, their implications for proper empirical
examinations of income targeting, and how important such potential responses are in terms of their
impact on the overall labor supply.

Field evidence on income-targeting responses along the intensive margin of labor supply remains
limited. Studies on bicycle messengers facing anticipated wage increases show that higher wages
can alter both within-day (Goette and Huffman 2006) and cross day (Fehr and Goette 2007)
effort allocation. However, because the wage variation is anticipated, these studies primarily speak
to responses to planned compensation changes. Moreover, effort is inferred from productivity
measures rather than directly observed, making it difficult to fully separate changes in work intensity
from fatigue or exhaustion. Chang and Gross (2014) study pear packers in an hours-constrained
environment and show that expected overtime increases effort while unexpected overtime reduces it,
implying that workers respond differently to anticipated and unanticipated earnings opportunities.
However, because hours are effectively fixed in their setting, adjustment occurs primarily through
effort intensity rather than through joint adjustment across intensive and extensive margins.

In contrast, Brandon et al. (2024) conduct a large-scale field experiment in which Uber drivers
receive substantial unexpected income windfalls and find little effect on subsequent labor supply,
including hours worked and trips provided. Their intervention differs from the within-shift shocks
studied here because it is framed as an external transfer rather than as part of the ongoing earnings
process. A canceled fare, or variation in earnings due to luck factors such as passenger destinations,
is embedded in the work process and naturally enters the account of shift earnings. By contrast,
a large transfer explicitly framed outside the contemporaneous task-production process may be
mentally accounted for separately from the earnings path generated by working.

We build on and extend the field evidence on income targeting by jointly examining break-taking
and quitting decisions in response to plausibly exogenous, unanticipated, and natural income shocks
in a real-world labor market with flexible stopping. Unlike most prior work, we directly observe
within-shift non-work spells, allowing us to separately identify how workers adjust labor supply
along intensive and extensive margins over the course of a shift. The paper most closely related
to ours is Duong et al. (2023), which exploits CNS as plausibly unanticipated negative income
shocks for Singapore taxi drivers and shows that drivers reduce break-taking following these shocks.
However, break-taking enters their analysis primarily as ancillary evidence rather than as a central
labor-supply margin integrated into a unified framework of dynamic labor-supply adjustment.

Our central contribution is therefore not simply to show that effort responds to income shocks,
although we view documenting and generalizing this effect in a field setting as valuable in its own
right. Rather, we build on this insight in several ways. First, we jointly examine break-taking
and quitting decisions and quantify the relative importance of each margin for total labor-supply
adjustment, showing that within-shift break-taking responses account for a substantial share of
the overall response to income shocks. Second, we show that these margins become behaviorally
operative at systematically different points in the shift. Early income shortfalls primarily suppress
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break-taking, whereas later shortfalls primarily delay quitting as workers approach their typical
stopping point. This dynamic pattern implies that workers may partially absorb income shocks
through within-shift effort adjustment before quitting becomes behaviorally relevant, attenuating
the observed response on the stopping margin alone. Our findings therefore point to a distinct
mechanism through which early shocks may generate muted quitting responses, complementing
recent work emphasizing reference-point adaptation over the course of the shift (Thakral and Tô
2021, Crawford et al. 2025).

This section provides a simple dynamic framework of within-shift labor supply to organize the
empirical predictions. A driver repeatedly chooses whether to work, take a break, or quit. The
model’s purpose is not to fully characterize taxi driving but to clarify why income shocks can affect
both break-taking and quitting, and why the operative margin varies with position in the regular
schedule.

The framework separates two forces that determine whether an income shock changes observed
behavior. First, the shock must shift the relevant latent value comparison: work versus break for
the intensive margin, and continue versus quit for the stopping margin. Reference dependence
provides this ingredient by making the value of earning depend on the driver’s income position.
Second, enough drivers must be close to the corresponding decision boundary for that latent shift
to generate an observed response. This margin-activation component depends on the driver’s state.

The model clarifies why the driver’s position relative to his typical schedule endpoint is central
to the dynamic problem. We consider three channels through which the typical schedule length T

may enter the dynamic problem: schedule costs after T , as in Frechette et al. (2019); loss utility
from working beyond expected hours, as in Crawford and Meng (2011); and expected earnings over
the planned work spell, as in expectation-based income targeting (e.g., Crawford and Meng 2011,
Thakral and Tô 2021). These channels operate through different components of the response but
share the same implication: income shocks affect different margins at different schedule positions
because schedule position shapes income sensitivity, margin activation, or both.

Time is discrete, indexed by t = 1; 2; : : :. A driver starts a work shift at t = 1 with cumulative
income y1 = 0 and fatigue d1 = 0. In each period t, the driver observes the state (dt; yt; t;T ) and
chooses one of three actions:

at 2 fWork;Break;Quitg:

We interpret t as time on shift and allow the shift to extend beyond the regular schedule endpoint
T .
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If the driver works in period t, he earns stochastic income w + "t, where w > 0 is the baseline
earning opportunity and f"tg are unexpected i.i.d. mean-zero shocks drawn from a continuous
distribution with support bounded below by �w, so that w + "t > 0 almost surely. Working
increases fatigue by one unit. If the driver takes a break, income does not change and fatigue
resets.1 If the driver quits, the shift ends. Cumulative income evolves as

yt+1 = yt + 1fat = Workg(w + "t):

Working at fatigue level d entails a flow fatigue cost c(d), where c is increasing and convex with
c(0) = 0. Spending a period on shift, whether working or breaking, incurs a time cost  (t), which
is increasing and convex. We also allow for a schedule-dependent continuation cost �t(T ) that can
depend on the driver’s regular endpoint. The specifications below restrict this object in different
ways. In Model A, �t(T ) = ’(t�T ) is an overtime or schedule cost; in Models B and C, this direct
schedule cost term is shut down.2

Quitting in period t at cumulative income y yields terminal payoff

Qt(y;T ) � Ut(y;T ) = y + Lt(y;T );

where Lt(y;T ) is the reference-dependent component. In the neoclassical benchmark, Lt(y;T ) = 0.
In the reference dependent models we explore, the terminal payoff includes a loss term when terminal
cumulative income y is below an income target. In Model A, the income target is fixed regardless
of T , so Lt(y) = �y(y � �y). We define �y(x) = 0 for x � 0 and �y(x) = �x for x < 0, with � > 0.
Model B adds psychological losses from working longer than T , so Lt(y;T ) = �y(y� �y)+�h(t�T ).
In Model C, the income target is instead defined as expected earnings over the regular schedule, so
Lt(y;T ) = �y(y� �wT ), where �w is expected earnings per on-shift period under the driver’s regular
policy.

Let Vt(d; y;T ) denote the maximal expected payoff from period t onward. The dynamic program
is

Vt(d; y;T ) = max
n
Wt(d; y;T ); Bt(d; y;T ); Qt(y;T )

o
;

where

Wt(d; y;T ) � �c(d) �  (t) � �t(T ) + E
h
Vt+1

�
d+ 1; y + w + "t;T

�i
; (1)

Bt(d; y;T ) � � (t) � �t(T ) + Vt+1(0; y;T ); (2)

Qt(y;T ) � Ut(y;T ): (3)
1Full fatigue reset is a simplification. Allowing for partial recovery would not alter the qualitative logic.
2We assume that the baseline time cost  (t) eventually dominates the value of continued work, so that even

absent explicit overtime costs, the opportunity cost of remaining on shift eventually becomes large enough that
quitting is optimal. For example, this holds if  (t) ! 1 is sufficiently fast relative to the bounded per-period
earnings opportunity and continuation benefits.

10



Define the continuation value

Ct(d; y;T ) � maxfWt(d; y;T ); Bt(d; y;T )g:

The two relevant latent comparisons are the work–break difference

DW B
t (d; y;T ) � Wt(d; y;T ) �Bt(d; y;T );

and the continue–quit difference

DCQ
t (d; y;T ) � Ct(d; y;T ) �Qt(y;T ) = Ct(d; y;T ) � Ut(y;T ):

The driver works rather than breaks when DW B
t (d; y;T ) � 0, and continues rather than quits when

DCQ
t (d; y;T ) � 0.

An observed response to an income shock requires two ingredients. First, the shock must change
the relevant latent comparison. For break-taking, the relevant comparison is DW B

t . For quitting, it
is DCQ

t . Second, there must be a sufficient mass of drivers close to the relevant decision boundary
for that latent shift to translate into an observed change in behavior.

For break-taking,

observed break response at t � @DW B
t

@y| {z }
income sensitivity of work–break comparison

� mass near DW B
t = 0| {z }

active work–break margin

:

For quitting,

observed quit response at t � @DCQ
t

@y| {z }
income sensitivity of continue–quit comparison

� mass near DCQ
t = 0| {z }

active quit margin

:

This decomposition is general. It follows from aggregating latent threshold decisions across het-
erogeneous drivers. Appendix A.1 provides the formal threshold-crossing bridge. In the neoclassical
benchmark, where Lt(y;T ) = 0 and utility is linear in income, the first term is zero: realized cu-
mulative income does not shift either the work–break or continue–quit comparison. Appendix A.2
establishes this separability result formally. Thus, even though baseline hazards may vary over the
shift in the neoclassical benchmark as fatigue, remaining horizon, and schedule-related costs move
drivers closer to or farther from the relevant decision boundaries, income shocks have no behavioral
effect in the absence of reference dependence.

In what follows, we first discuss the sign of the income-sensitivity term for both margins under
reference-dependence. These sign results are not specific to the channel through which T enters
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the dynamic problem. We then discuss how the three model specifications for how T enters the
problem inform when in the shift the behavioral responses are likely to be observed.

For quitting, reference dependence changes the continue–quit comparison. When � > 0, the kink
at the income target breaks separability and makes the continue–quit comparison income-sensitive.
Below the target, a negative income shock raises the relative value of continuing because quitting
locks in a larger shortfall, while continuing preserves the possibility of earning toward the target.
Thus, for drivers near the quit boundary, negative shocks reduce quitting (Appendix A.3). This
income sensitivity is strongest when continuation has a nontrivial chance of crossing the target: if
the driver is almost surely below the target, quitting and continuing both move with the loss-domain
slope; if the driver is almost surely above it, gain–loss exposure is gone.

Reference dependence also changes the work–break comparison. A break leaves the driver with
lower current income and a different continuation state. When the break continuation is more
exposed to the risk of finishing below the income target than the work continuation, which we
refer to as an absorbing-regime condition, a negative income shock lowers the relative value of
breaking and shifts the comparison toward active work (Appendix A.4). Under this condition, a
negative income shock weakly increases DW B

t , reducing break-taking for drivers near the work–
break boundary. The opposite case is also possible: a negative shock may increase the optimal
remaining horizon and thereby raise the value of break. This force is less likely to dominate for
local income shocks that do not substantially move the optimal stopping time, especially at states
where the work–break margin is active but the continue–quit margin remains relatively distant.
Ultimately, however, the sign of the break response at different points in the shift is an empirical
question.

Taxi drivers exhibit substantial schedule-adherence, as noted in the NYC market (Crawford and
Meng 2011, Frechette et al. 2019, Crawford et al. 2025), which we also document in our context
(Section 4.3). Two distinct reasons have been proposed for this pattern. Frechette et al. (2019)
emphasize contractual handoffs, vehicle-return obligations, and related institutional frictions that
make extending the shift past its regular endpoint costly. Crawford and Meng (2011) propose a
behavioral reference point over hours worked, such that finishing later than expected delivers gain–
loss utility. We examine these two mechanisms as Models A and B. A third and complementary
force arises if the daily income target is shaped by expectations over the regular shift: T also
determines where in the shift drivers are close to the income target crossing region. We examine
this channel as Model C.

These specifications differ in how T enters the dynamic problem, but they share the same
empirical implications.3 Models A and B make schedule position relevant by allowing proximity

3In all three, note that T is a regular-schedule anchor, not a fixed stopping time. Actual stopping remains
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to T to change continuation values, thereby affecting how many drivers are near the work–break
and continue–quit boundaries. Model C makes schedule position relevant because proximity to T
shapes target proximity and, therefore, the income sensitivity of the latent value comparisons. The
empirical predictions do not depend on isolating a single channel. Observed responses vary over
the shift whenever schedule position affects either income sensitivity or the mass of drivers near
the relevant decision boundary. Any one of these channels is sufficient to make position relative
to T a key state variable in the driver’s dynamic optimization problem. The specifications are not
mutually exclusive, and multiple channels may reinforce one another.

Model A: schedule costs. Model A sets

�t(T ) = ’(t� T ); Ut(y;T ) = y + �y(y � �y);

where the income target �y is fixed and not tied to T . The schedule-cost function satisfies ’(x) = 0 for
x � 0 and is increasing and convex for x > 0. This specification makes T enter continuation values
directly: as the driver approaches and passes the regular endpoint, remaining on shift becomes less
attractive relative to stopping, and the value of taking a break changes because it depends on the
remaining continuation problem.

Model A therefore predicts schedule-dependent baseline margins. The work–break margin is
most likely to be active at intermediate schedule positions when fatigue has accumulated, but taking
a break still has continuation value. The continue–quit margin is most likely to be active near the
regular endpoint when schedule costs reduce the value of remaining on shift. Appendix A.5.1
formalizes this baseline margin-activation logic under sufficient conditions. Reference dependence
then makes income shocks behaviorally relevant at those active margins. Combined with the
income-sensitivity results above, Model A predicts that break responses will be strongest where
the work–break margin is active, which is likely to be in intermediate schedule positions, and quit
responses will be strongest near the regular endpoint.

Model B: hours reference points. Model B shuts down the direct schedule-cost term and
instead allows T to enter terminal utility through a reference point over hours.

�t(T ) = 0; Ut(y;T ) = y + �y(y � �y) + �h(t� T );

where �y is fixed and

�h(t� T ) =

8<:0; t � T;

��(t� T ); t > T;

with � > 0.
This specification, which Appendix A.5.2 details, gives exceeding T a psychological-cost in-

terpretation rather than an external-cost interpretation. As the driver approaches the regular
endogenous: drivers revise their stopping plans over the shift as income realizations arrive.
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endpoint, continuing increasingly exposes him to the loss region associated with working beyond T ,
reducing continuation values. Thus, Model B renders income-shock responses schedule-dependent
by shifting where the work–break and continue–quit margins are active, just as in Model A.

Model C: income target tied to the regular schedule. Model C shuts down external or
psychological overtime costs and instead allows the income target to depend on the regular schedule:

�t(T ) = 0; Ut(y;T ) = y + �y

�
y � �y(T )

�
; �y(T ) = �wT;

where �w is expected earnings per on-shift period under the driver’s regular policy.
In this specification, detailed in Appendix A.5.3, T impacts the income-sensitivity term rather

than changing continuation costs. This channel is natural under expectation-based target forma-
tion, which is invoked by several empirical studies of income targeting in the taxi context (e.g.,
Crawford and Meng 2011, Thakral and Tô 2021, Crawford et al. 2025). It recognizes that regular
earning paths are more likely to place drivers near the target-crossing region around the regular
endpoint. In that region, small income shocks have greater scope to change gain–loss exposure. A
T -anchored income target can therefore make latent value comparisons more income-sensitive near
schedule positions where regular earning paths approach the target, even without an explicit cost of
exceeding T , and can generate similar qualitative schedule dependence in income-shock responses
through the income-sensitivity component.

Each of these channels predicts that income shocks do not affect all labor-supply margins uniformly.
Their effects are largest where income sensitivity overlaps with margin activation. The conceptual
framework points to four empirical predictions, organized by margin and by type of response:

Prediction 1 (Quit direction). Below the income target, a negative income shock reduces the
quitting hazard for drivers near the continue–quit boundary, as loss aversion creates a reten-
tion force that delays quitting. (Appendix A.3)

Prediction 2 (Break direction). Under the absorbing-regime condition, a negative income shock
reduces break-taking for drivers near the work–break boundary, as the lower-income driver
has a stronger latent incentive to work rather than take a break. (Appendix A.4)

Prediction 3 (Quit schedule dependence). The quit income-response is concentrated at sched-
ule positions where the continue–quit margin is active and the comparison is income-sensitive:
near the regular endpoint, where continuation values are low and target proximity may make
the continue–quit comparison especially income-sensitive. (Appendix A.5)

Prediction 4 (Break schedule dependence). The break income-response is concentrated at
schedule positions where the work–break margin is active: intermediate positions in the
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regular schedule, when fatigue has accumulated but taking a break still has continuation
value. (Appendix A.5)

Models A and B rationalize schedule dependence through continuation values and margin acti-
vation, Model C rationalizes it through target proximity and income sensitivity. Other forces, such
as anticipated variation in wages or demand, can also shift continuation values and therefore affect
how many drivers are close to a decision boundary. Our empirical design does not require schedule
costs or hours reference points to be the only sources of margin activation: baseline hazards serve
to locate where the relevant margins are active in the population.

Finally, the model highlights how the two margins interact. Because effort choices shape the
income path that reaches the stopping decision, shocks that occur when the work–break margin is
active may be partially absorbed through reduced break-taking, altering the income path that later
reaches the stopping decision (Appendix A.6). This path provides a conceptually distinct channel
for why early shocks may have muted effects on stopping, complementing the adaptive-reference-
point mechanism in Thakral and Tô (2021).

A distinctive implication of the model is that schedule position is a key state variable for
income-shock responses. In our empirical approach, we operationalize this position relative to a
predetermined regular schedule endpoint, which allows us to track both time on shift and remaining
horizon to the typical shift end. The next section describes the data features that allow us to observe
break-taking, identify quitting, and construct regular schedule endpoints.

Our data comes from the largest taxi operator in Singapore, which operates approximately 17,000
out of 23,000 taxicabs in the market. All cabs are equipped with electronic devices that record
GPS location and operational status at 15–30 second intervals. For each driver-vehicle pair, we
observe all trips (start and end times, locations, fares, and booking status) along with continuous
GPS trajectories and cab status indicators. The data spans January to May 2017 and August
2017 to March 2018.4 Taxi fares are regulated and consist of a base charge plus distance- and
time-based components, with predetermined surcharges by time of day and location.5 Tipping is
not customary in Singapore, so measured fares correspond closely to driver earnings.

A key feature of the data is that the electronic device records the cab’s operational status,
allowing us to distinguish between periods when a driver has a passenger on board and when the
driver is available for hire versus unavailable for hire.6 Using these status indicators and GPS data,

4Data from the same source has been used by Duong et al. (2023) for a different time period. The market
includes seven taxi operators and two primary ride-hailing services (Grab and Uber); however, ride-hailing usage was
low during our sample period.

5Surcharges apply during weekday peak hours (6–9:30 a.m. and 5–8 p.m.), late-night hours (midnight to 6 a.m.),
and for trips originating in the Central Business District or at the airport. Unlike ride-hailing apps, taxi surcharges
do not adjust dynamically.

6Drivers are not allowed to reject passengers in Singapore. At times when the driver does not want to accept
passengers (e.g., when they are taking breaks, transitioning between areas, or running personal errands), the driver
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�6�B�;�m�`�2 �8�, �.�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �`�2�K���B�M�B�M�; �i�B�K�2 �?�Q�`�B�x�Q�M

�L�Q�i�2�b�,�h�?�B�b �}�;�m�`�2 �T�H�Q�i�b �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �?�Q�m�`�b �`�2�K���B�M�B�M�; �i�Q �2���+�? �/�`�B�p�2�`�ö�b �`�2�;�m�H���` �b�?�B�7�i �2�M�/�T�Q�B�M�i�- �2�p���H�m���i�2�/ ���i

�2�p�2�`�v �i�r�Q �?�Q�m�`�b �7�`�Q�K �e �i�Q �R�9 �?�Q�m�`�b �B�M�i�Q �i�?�2 �b�?�B�7�i�X �h�?�2 �/���`�F �#�H�m�2 �i�?�B�+�F �K���`�F �B�M�/�B�+���i�2�b �i�?�2 �K�2�/�B���M�X �h�?�2 �/���b�?�2�/ �`�2�/

�H�B�M�2 �K���`�F�b �x�2�`�Q �?�Q�m�`�b �`�2�K���B�M�B�M�; �U�B�X�2�X�- �i�?�2 �`�2�;�m�H���` �b�?�B�7�i �2�M�/�T�Q�B�M�i�V�X

�9�X�9 �a�m�K�K���`�v

�P�m�` �2�K�T�B�`�B�+���H �b�i�`���i�2�;�v �+�Q�K�#�B�M�2�b �i�?�`�2�2 �2�H�2�K�2�M�i�b�, �U�B�V �/�B�`�2�+�i�H�v �Q�#�b�2�`�p�2�/ �M�Q�M�@�r�Q�`�F �T�2�`�B�Q�/�b�- �U�B�B�V �T�H���m�@

�b�B�#�H�v �2�t�Q�;�2�M�Q�m�b �B�M�+�Q�K�2 �b�?�Q�+�F�b�- ���M�/ �U�B�B�B�V �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�M ���b �� �T�`�Q�t�v �Q�7 �r�?�2�`�2 �i�?�2 �/�`�B�p�2�` �B�b �`�2�H���i�B�p�2

�i�Q �?�B�b �i�v�T�B�+���H �2�M�/�T�Q�B�M�i�X �h�?�2�b�2 �2�H�2�K�2�M�i�b ���H�H�Q�r �m�b �i�Q �2�t���K�B�M�2 �?�Q�r �H���#�Q�` �b�m�T�T�H�v �`�2�b�T�Q�M�b�2�b �i�Q �B�M�+�Q�K�2

�b�?�Q�+�F�b �p���`�v �#�Q�i�? ���+�`�Q�b�b �K���`�;�B�M�b ���M�/ �Q�p�2�` �i�?�2 �+�Q�m�`�b�2 �Q�7 �i�?�2 �b�?�B�7�i�X

�8 �1�K�T�B�`�B�+���H �a�i�`���i�2�;�v ���M�/ �_�2�b�m�H�i�b

�a�2�+�i�B�Q�M�8�X�R�B�M�i�`�Q�/�m�+�2�b �Q�m�` �2�K�T�B�`�B�+���H �b�i�`���i�2�;�v�- �r�?�B�+�? ���H�H�Q�r�b �`�2�b�T�Q�M�b�2�b �i�Q �p���`�v �~�2�t�B�#�H�v �Q�p�2�` �i�?�2 �b�?�B�7�i�X

�h�?�2 �`�2�b�m�H�i�b �i�?�2�M �2�b�i���#�H�B�b�? �i�?�`�2�2 �T���i�i�2�`�M�b�X �6�B�`�b�i�- �b�T�H�B�i�@�b���K�T�H�2 �2�b�i�B�K���i�2�b �#�v �i�v�T�B�+���H �b�?�B�7�i �H�2�M�;�i�? �b�?�Q�r

�i�?���i �`�2�b�T�Q�M�b�2 �T�`�Q�}�H�2�b ���`�2 �Q�`�;���M�B�x�2�/ �#�v �`�2�;�m�H���` �b�+�?�2�/�m�H�2�b �`���i�?�2�` �i�?���M �`���r �?�Q�m�`�b �r�Q�`�F�2�/�, �i�?�2 �i�B�K�B�M�;

�Q�7 �#�Q�i�? �[�m�B�i ���M�/ �#�`�2���F �`�2�b�T�Q�M�b�2�b �b�?�B�7�i�b �r�B�i�? �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �i�v�T�B�+���H �b�?�B�7�i �U�a�2�+�i�B�Q�M�8�X�k�V�X �a�2�+�Q�M�/�-

�r�2 �m�b�2 �i�?�B�b �B�M�b�B�;�?�i �i�Q �T�Q�Q�H �b�?�B�7�i�b �#�v �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�M�- ���H�B�;�M�B�M�; �+�Q�K�T���`���#�H�2 �/�2�+�B�b�B�Q�M �b�i���i�2�b ���M�/

�2�b�i�B�K���i�B�M�; �i�?�2 �K���B�M �`�2�b�T�Q�M�b�2 �T�`�Q�}�H�2�b �K�Q�`�2 �T�`�2�+�B�b�2�H�v�X �h�?�2�b�2 �T�Q�Q�H�2�/ �2�b�i�B�K���i�2�b �b�?�Q�r �i�?���i �B�M�+�Q�K�2

�b�?�Q�+�F�b �`�2�/�m�+�2 �#�`�2���F�@�i���F�B�M�; �B�M �i�?�2 �K�B�/�/�H�2 �Q�7 �i�?�2 �b�?�B�7�i ���M�/ �/�2�H���v �[�m�B�i�i�B�M�; �M�2���` �i�?�2 �`�2�;�m�H���` �2�M�/�T�Q�B�M�i

�U�a�2�+�i�B�Q�M�8�X�j�V�X �h�?�B�`�/�- �r�2 �+�Q�K�#�B�M�2 �#�Q�i�? �K���`�;�B�M�b �i�Q �[�m���M�i�B�7�v �i�?�2 �i�Q�i���H �H���#�Q�`�@�b�m�T�T�H�v �2�z�2�+�i �Q�7 �B�M�+�Q�K�2
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p�- �r�?�B�+�? �B�M�/�2�t�2�b �i�?�2 �/�`�B�p�2�`�ö�b �T�Q�b�B�i�B�Q�M �`�2�H���i�B�p�2 �i�Q �i�?�2�B�` �i�v�T�B�+���H �b�+�?�2�/�m�H�2 �H�2�M�;�i�? �Ut=T�V�X �h�?�2 �i�?�B�`�/ �B�b
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�h�?�2�b�2 �/�B�K�2�M�b�B�Q�M�b �M�2�2�/ �M�Q�i �K�Q�p�2 �i�Q�;�2�i�?�2�`�X �h�r�Q �/�`�B�p�2�`�b �+���M �#�2 �b�B�t �?�Q�m�`�b �B�M�i�Q �� �b�?�B�7�i �#�m�i �7���+�2 �p�2�`�v
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�*�Q�M�p�2�`�b�2�H�v�- �i�r�Q �/�`�B�p�2�`�b �+���M �#�2 ���i �i�?�2 �b���K�2 �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�M�- �7�Q�` �2�t���K�T�H�2�- �?���H�7�r���v �i�?�`�Q�m�;�? �i�?�2�B�`
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�b�?�B�7�i �i�B�K�2�X

�P�m�` �2�K�T�B�`�B�+���H ���T�T�`�Q���+�? �/�B�b�i�B�M�;�m�B�b�?�2�b �#�2�i�r�2�2�M �i�?�2�b�2 �i�B�K�2 �/�B�K�2�M�b�B�Q�M�b�X �q�2 �K�Q�/�2�H �i�?�2 �T�`�Q�#���#�B�H�B�i�v
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�i�?�2 �+�H�Q�+�F�X �q�2 ���H�H�Q�r �i�?�B�b �T�`�Q�#���#�B�H�B�i�v �i�Q �p���`�v �~�2�t�B�#�H�v �#�v �/�`�B�p�2�`i �ö�b �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�Mpin� ���i �i�B�K�2� �Q�7

�b�?�B�7�in�- �r�?�B�H�2 �+�Q�M�i�`�Q�H�H�B�M�; �7�Q�` �2�H���T�b�2�/ �i�B�K�2t�X �q�2 �/�2�}�M�2 �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�Mp ���b �+�m�K�m�H���i�B�p�2 �b�?�B�7�i �i�B�K�2

t �/�B�p�B�/�2�/ �#�v �i�?�2 �/�`�B�p�2�`�ö�b �`�2�;�m�H���` �b�+�?�2�/�m�H�2 �H�2�M�;�i�?T�- �2�t�T�`�2�b�b�2�/ ���b �� �T�2�`�+�2�M�i���;�2 ���M�/ �/�B�b�+�`�2�i�B�x�2�/ �B�M�i�Q

�R�y�@�T�2�`�+�2�M�i���;�2�@�T�Q�B�M�i �#�B�M�b�X �h�?�B�b �#�B�M�M�2�/ �K�2���b�m�`�2 ���H�H�Q�r�b �m�b �i�Q �m�b�2 �� �M�Q�M�T���`���K�2�i�`�B�+ ���/�/�B�i�B�p�2�@�?���x���`�/�b

�b�T�2�+�B�}�+���i�B�Q�M �B�M �r�?�B�+�? �#�Q�i�? �i�?�2 �#���b�2�H�B�M�2 �?���x���`�/ ���M�/ �i�?�2 �B�M�+�Q�K�2�@�b�?�Q�+�F �`�2�b�T�Q�M�b�2 �+���M �p���`�v �~�2�t�B�#�H�v

�Q�p�2�` �i�?�2 �`�2�;�m�H���` �b�+�?�2�/�m�H�2�- �r�B�i�?�Q�m�i �B�K�T�Q�b�B�M�; �� �T���`���K�2�i�`�B�+ �b�?���T�2�X �q�2 �i�`�2���i �#�`�2���F �B�M�B�i�B���i�B�Q�M ���M�/

�[�m�B�i�i�B�M�; ���b �/�B�b�+�`�2�i�2�@�i�B�K�2 �?���x���`�/�b �7�Q�` �2�p�2�M�i�bA 2 f �[�m�B�i; �#�`�2���Fg�,�k�R

Pr(A in� = 1) = f (pin� ) + � i (pin� ) + � (pin� ) � in� + X in� 
 (pin� ) + " in� ; �U�9�V

�r�?�2�`�2 �i�?�2 �#���b�2�H�B�M�2 �?���x���`�/f (p)�- �i�?�2 �/�`�B�p�2�` �}�t�2�/ �2�z�2�+�i�b� i (p)�- �i�?�2 �B�M�+�Q�K�2�@�b�?�Q�+�F �+�Q�2�{�+�B�2�M�i� (p)�-

���M�/ �i�?�2 �+�Q�M�i�`�Q�H �+�Q�2�{�+�B�2�M�i�b
 (p) ���`�2 �7�m�H�H�v �M�Q�M�T���`���K�2�i�`�B�+ �B�Mp�X

�h�?�2 �~�2�t�B�#�B�H�B�i�v �B�Mf (p) + � (p) ���H�H�Q�r�b �/�B�z�2�`�2�M�i �/�`�B�p�2�`�b �i�Q �2�t�?�B�#�B�i �?�2�i�2�`�Q�;�2�M�2�Q�m�b �#���b�2�H�B�M�2 �?���x���`�/

�T�`�Q�}�H�2�b�X �6�Q�` �2�t���K�T�H�2�- �Q�M�2 �/�`�B�p�2�` �K���v �?���p�2 �� �b�?���`�T �B�M�+�`�2���b�2 �B�M �[�m�B�i�i�B�M�; �T�`�Q�#���#�B�H�B�i�v �M�2���` �i�?�2 �2�M�/ �Q�7

�?�B�b �b�+�?�2�/�m�H�2�- �r�?�B�H�2 ���M�Q�i�?�2�` �K���v �2�t�?�B�#�B�i �� �K�Q�`�2 �/�B�z�m�b�2 �T���i�i�2�`�M �Q�p�2�` �� �#�`�Q���/�2�` �`���M�;�2 �Q�7p�X

�h�?�2 �+�Q�M�i�`�Q�H �p���`�B���#�H�2�bX �- �7�Q�H�H�Q�r�B�M�; �2���`�H�B�2�` �r�Q�`�F �7�Q�` �+�Q�K�T���`���#�B�H�B�i�v�- �B�M�+�H�m�/�2 �/���i�2 �}�t�2�/ �2�z�2�+�i�b�- ���`�2��

�}�t�2�/ �2�z�2�+�i�b�- �/���v�@�Q�7�@�r�2�2�F� �?�Q�m�`�@�Q�7�@�/���v �}�t�2�/ �2�z�2�+�i�b�- �`���B�M�7���H�H �B�M�/�B�+���i�Q�` �#�v� ���M�/ �+�m�K�m�H���i�B�p�2 �i�B�K�2

�i�?�2 �/�`�B�p�2�` �?���b �#�2�2�M �Q�M �i�?�2 �b�?�B�7�i �Ut �B�M �K�B�M�m�i�2�b�V �i�Q �+�Q�M�i�`�Q�H �7�Q�` �7���i�B�;�m�2�X�k�k �.���v�@�Q�7�@�r�2�2�F� �?�Q�m�`�@�Q�7�@�/���v

�}�t�2�/ �2�z�2�+�i�b �+���T�i�m�`�2 �+�Q�K�K�Q�M �K���`�F�2�i �+�Q�M�/�B�i�B�Q�M�b �i�?���i ���`�2 �T�H���m�b�B�#�H�v �T�`�2�/�B�+�i���#�H�2 �#�v �/�`�B�p�2�`�b�- �B�M�+�H�m�/�B�M�;

�i�?�2 �b�v�b�i�2�K���i�B�+ �r���;�2 �p���`�B���i�B�Q�M �/�Q�+�m�K�2�M�i�2�/ �B�M �6�B�;�m�`�2�R�X �.���i�2 �}�t�2�/ �2�z�2�+�i�b �+���T�i�m�`�2 �K���`�F�2�i�@�H�2�p�2�H

�b�?�Q�+�F�b �Q�M �b�T�2�+�B�}�+ �/���i�2�b�X �1���+�? �+�Q�M�i�`�Q�H �p���`�B���#�H�2 �B�MX in� �2�M�i�2�`�b �r�B�i�? �� �i�B�K�2�@�p���`�v�B�M�; �+�Q�2�{�+�B�2�M�i
 (p)�-

�b�Q �i�?���i �i�?�2 �2�z�2�+�i �Q�7�- �7�Q�` �2�t���K�T�H�2�- �2�M�/�B�M�; �� �i�`�B�T �B�M �i�?�2 ���B�`�T�Q�`�i ���`�2�� �/�B�z�2�`�b �#�2�i�r�2�2�M �i�?�2 �#�2�;�B�M�M�B�M�;

���M�/ �i�?�2 �2�M�/ �Q�7 �i�?�2 �b�?�B�7�i�X �6�m�`�i�?�2�` �B�M�i�2�`���+�i�B�M�; �/���i�2� �?�Q�m�`�@�Q�7�@�/���v �}�t�2�/ �2�z�2�+�i�b �r�B�i�? ���`�2�� �}�t�2�/ �2�z�2�+�i�b

�/�Q�2�b �M�Q�i �+�?���M�;�2 �Q�m�` �`�2�b�m�H�i�b�X �a�2�2 ���T�T�2�M�/�B�t�:�X�8�7�Q�` �i�?�2 �`�2�b�m�H�i�b�X

�q�2 �2�K�T�H�Q�v �i�r�Q �K�2���b�m�`�2�b �Q�7 �B�M�+�Q�K�2 �b�?�Q�+�F�b� in� �X �h�?�2 �}�`�b�i �B�bCNS�- ���M �B�M�/�B�+���i�Q�` �Q�7 �r�?�2�i�?�2�` �i�?�2

�/�`�B�p�2�` �2�t�T�2�`�B�2�M�+�2�/ �� �*�L�a �2�p�2�M�i �B�M �i�?�2 �T���b�i �j�y �K�B�M�m�i�2�b�- �+�Q�M�/�B�i�B�Q�M���H �Q�M �?���p�B�M�; ���i �H�2���b�i �Q�M�2 �#�Q�Q�F�B�M�;

�/�m�`�B�M�; �i�?�B�b �r�B�M�/�Q�r�X �q�2 �+�Q�M�/�B�i�B�Q�M �Q�M �?���p�B�M�; �� �#�Q�Q�F�B�M�; �#�2�+���m�b�2 �*�L�a �2�p�2�M�i�b �Q�+�+�m�` �2�t�+�H�m�b�B�p�2�H�v �Q�M

�k�R�J���`�i�B�M�m�b�b�2�M ���M�/ �a�+�?�2�B�F�2�U�k�y�y�e�V �T�`�Q�p�B�/�2�b �� �i�2�t�i�#�Q�Q�F �i�`�2���i�K�2�M�i �Q�7 ���/�/�B�i�B�p�2 �?���x���`�/�b�X �q�2 �7�Q�H�H�Q�r �i�?�2 �B�K�T�H�2�K�2�M�i���i�B�Q�M
�B�M�h�?���F�`���H ���M�/ �h�¬�U�k�y�k�R�V�- �r�?�B�+�? �B�M�i�`�Q�/�m�+�2�b �i�?�B�b ���T�T�`�Q���+�? �i�Q �i�?�2 �B�M�+�Q�K�2�@�i���`�;�2�i�B�M�; �H�B�i�2�`���i�m�`�2�X

�k�k�q�2���i�?�2�` �p���`�B���i�B�Q�M �B�M �a�B�M�;���T�Q�`�2 �B�b �/�`�B�p�2�M �T�`�B�K���`�B�H�v �#�v �`���B�M�7���H�H�c �i�2�K�T�2�`���i�m�`�2 ���M�/ �r�B�M�/ �+�Q�M�/�B�i�B�Q�M�b ���`�2 �`�2�H���i�B�p�2�H�v
�b�i���#�H�2 �v�2���`�@�`�Q�m�M�/�X

�k�e



�#�Q�Q�F�2�/ �i�`�B�T�b�X�k�j �h�?�2 �b�2�+�Q�M�/ �B�b �i�?�2 �i�Q�i���H �+�Q�M�/�B�i�B�Q�M���H �2���`�M�B�M�;�b �`���i�2 �/�2�p�B���i�B�Q�M�b �i�?���i �i�?�2 �/�`�B�p�2�`i �?���b

�2�t�T�2�`�B�2�M�+�2�/ �B�M �i�?�2 �T���b�i �j�y �K�B�M�m�i�2�b�- �r�?�B�+�? �r�2 �/�2�M�Q�i�2 ���b� y�
con�X �_�2�+���H�H �i�?���i �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �2���`�M�B�M�;�b
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�K���`�F�2�i ���p�2�`���;�2 �Q�7 �+�Q�M�/�B�i�B�Q�M���H �r���;�2�b �B�M �i�?�2 �b���K�2� ���M�/ ���`�2���X �h�?�2 ���/�/�B�i�B�p�2 �?���x���`�/�b �b�T�2�+�B�}�+���i�B�Q�M
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�b�i���i�B�Q�M���`�v �M�Q�M�@�r�Q�`�F �b�T�2�H�H �B�M� �X �q�2 �T�`�2�b�2�M�i �`�2�b�m�H�i�b �7�`�Q�K ���M���H�v�b�2�b �i�?���i �B�M�b�i�2���/ �+�Q�M�b�B�/�2�` ���M�v �M�Q�M�@�r�Q�`�F

�b�T�2�H�H ���b �� �#�`�2���F�- ���M�/ ���M���H�v�b�2�b �i�?���i �2�t���K�B�M�2 �#�`�2���F �/�m�`���i�B�Q�M�b �+�Q�M�/�B�i�B�Q�M���H �Q�M �i�?�2 �/�`�B�p�2�` �/�2�+�B�/�B�M�; �i�Q

�i���F�2 �� �#�`�2���F �B�M ���T�T�2�M�/�B�t�:�X�k�X

���H�H �+�Q�2�{�+�B�2�M�i�b ���`�2 �2�b�i�B�K���i�2�/ �p�B�� �H�Q�+���H �H�B�M�2���` �`�2�;�`�2�b�b�B�Q�M �U�G�G�_�V �r�B�i�? �m�M�B�7�Q�`�K �r�2�B�;�?�i�b �Q�p�2�` ��

�r�B�M�/�Q�r �+�2�M�i�2�`�2�/ ���i �2���+�? �2�p���H�m���i�B�Q�M �T�Q�B�M�i �B�Mp�X �h�?�2 �2�b�i�B�K���i�2 �Q�7� (p) ���i �� �;�B�p�2�Mp �m�b�2�b �Q�M�H�v

�Q�#�b�2�`�p���i�B�Q�M�b �r�B�i�?�B�M �?���H�7 �� �r�B�M�/�Q�r �r�B�/�i�? �Q�7p �Q�M �2�B�i�?�2�` �b�B�/�2�- �v�B�2�H�/�B�M�; �� �b�i���M�/���`�/ �P�G�a �2�b�i�B�K���i�2 �Q�M

�i�?�B�b �H�Q�+���H�B�x�2�/ �b�m�#�b�2�i�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �m�b�2 �� �8�@�T�2�`�+�2�M�i���;�2�@�T�Q�B�M�i �r�B�M�/�Q�r �Q�M �2�B�i�?�2�` �b�B�/�2 �Q�7p�X �6�Q�`

�2�t���K�T�H�2�- ���ip = 90�- �Q�#�b�2�`�p���i�B�Q�M�b �r�B�i�?85 � p < 95 ���`�2 �B�M�+�H�m�/�2�/�- ���M�/ ���ip = 100�- �Q�#�b�2�`�p���i�B�Q�M�b �r�B�i�?

95 � p < 105 ���`�2 �B�M�+�H�m�/�2�/�X �a�i���M�/���`�/ �2�`�`�Q�`�b ���i �2���+�?p ���`�2 �+�H�m�b�i�2�`�2�/ ���i �i�?�2 �/�`�B�p�2�` �H�2�p�2�H �i�Q ���+�+�Q�m�M�i

�7�Q�` �b�2�`�B���H �+�Q�`�`�2�H���i�B�Q�M �r�B�i�?�B�M ���M�/ ���+�`�Q�b�b �b�?�B�7�i�b�X ���T�T�2�M�/�B�t�6 �T�`�Q�p�B�/�2�b �7�m�`�i�?�2�` �B�K�T�H�2�K�2�M�i���i�B�Q�M �/�2�i���B�H�b

���M�/ �/�B�b�+�m�b�b�2�b �i�?�2 ���/�p���M�i���;�2�b �Q�7 �i�?�2 �G�G�_ ���T�T�`�Q���+�? �Q�p�2�` �7�m�H�H�v �B�M�i�2�`���+�i�2�/ �T���`���K�2�i�`�B�+ �b�T�2�+�B�}�+���i�B�Q�M�b�-
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�h�Q �K�Q�i�B�p���i�2 �i�?�2 �m�b�2 �Q�7 �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�Mp�- �`���i�?�2�` �i�?���M �2�H���T�b�2�/ �i�B�K�2 �Ut�V�- ���b �i�?�2 �Q�`�;���M�B�x�B�M�; �i�B�K�2

�B�M�/�2�t �7�Q�` �i�?�2 �?�2�i�2�`�Q�;�2�M�2�B�i�v �Q�7 �H���#�Q�`�@�b�m�T�T�H�v �`�2�b�T�Q�M�b�2�b�- �r�2 �}�`�b�i �2�b�i�B�K���i�2 �1�[�m���i�B�Q�M�9�b�2�T���`���i�2�H�v �7�Q�`

�k�j�q�2 �m�b�2 �*�L�a �2�p�2�M�i�b �B�M �i�?�2 �T���b�i �j�y �K�B�M�m�i�2�b �`���i�?�2�` �i�?���M �+�Q�M�i�2�K�T�Q�`���M�2�Q�m�b �*�L�a �i�Q �2���b�2 �i�?�2 �+�Q�M�+�2�`�M �i�?���i �*�L�a
�2�p�2�M�i�b �i�?�2�K�b�2�H�p�2�b �+�Q�m�H�/ �Q�+�+�m�T�v �i�?�2 �i�B�K�2 �i�?���i �Q�i�?�2�`�r�B�b�2 �r�Q�m�H�/ �?���p�2 �#�2�2�M �m�b�2�/ �7�Q�` �� �#�`�2���F�X �h�Q �b�?�Q�r �i�?���i �Q�m�` �`�2�b�m�H�i�b
���`�2 �M�Q�i �/�`�B�p�2�M �#�v �m�M�Q�#�b�2�`�p�2�/ �7���+�i�Q�`�b �i�?���i �?���T�T�2�M �i�Q�;�2�i�?�2�` �r�B�i�? �*�L�a �Q�`� y�
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�T�`�Q�t�B�K�B�i�v�X

�L�Q�i���i�B�Q�M�X�h�?�`�Q�m�;�?�Q�m�i �i�?�B�b ���T�T�2�M�/�B�t�- �r�2 �m�b�2 �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M�b �/�2�}�M�2�/ �B�M �a�2�+�i�B�Q�M�j�X �h�?�2

�+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2 �B�b

Ct (d; y; T) � maxf Wt (d; y; T); B t (d; y; T)g;

���M�/ �i�?�2 �i�r�Q �H���i�2�M�i �+�Q�K�T���`�B�b�Q�M�b ���`�2

D W B
t (d; y; T) � Wt (d; y; T) � B t (d; y; T); D CQ

t (d; y; T) � Ct (d; y; T) � Qt (y; T):

�6�Q�` �}�M�B�i�2 �B�M�+�Q�K�2 �+�?���M�;�2�b�- �r�2 �m�b�2� W
t ���M�/� B

t �i�Q �/�2�M�Q�i�2 �i�?�2 �B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�B�2�b �Q�7 �i�?�2 �q�Q�`�F ���M�/

�"�`�2���F �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X ���H�H �T�Q�H�B�+�v �+�Q�K�T���`�B�b�Q�M�b �#�2�H�Q�r ���`�2 �2�t�T�`�2�b�b�2�/ �m�b�B�M�;D W B
t �-

D CQ
t �-Wt �-B t �-Ct �- ���M�/Qt �c ���M�v ���/�/�B�i�B�Q�M���H �M�Q�i���i�B�Q�M �B�b �/�2�}�M�2�/ �H�Q�+���H�H�v �r�?�2�M �B�M�i�`�Q�/�m�+�2�/�X

���X�R �6�`�Q�K �G���i�2�M�i �*�Q�K�T���`�B�b�Q�M�b �i�Q �P�#�b�2�`�p�2�/ �>���x���`�/�b

�h�?�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �K�Q�/�2�H �/�2�H�B�p�2�`�b �H���i�2�M�i �p���H�m�2 �+�Q�K�T���`�B�b�Q�M�b�X �6�Q�` �#�`�2���F�@�i���F�B�M�;�- �i�?�2 �`�2�H�2�p���M�i �Q�#�D�2�+�i �B�b

�i�?�2 �r�Q�`�F���#�`�2���F �/�B�z�2�`�2�M�+�2

D W B
t (d; y; T) � Wt (d; y; T) � B t (d; y; T):

�6�Q�` �[�m�B�i�i�B�M�;�- �i�?�2 �`�2�H�2�p���M�i �Q�#�D�2�+�i �B�b �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �/�B�z�2�`�2�M�+�2

D CQ
t (d; y; T) � Ct (d; y; T) � Qt (y; T) = Ct (d; y; T) � Ut (y; T);

�r�?�2�`�2

Ct (d; y; T) � maxf Wt (d; y; T); B t (d; y; T)g

�B�b �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�X

�� �m�b�2�7�m�H �r���v �i�Q �+�Q�M�M�2�+�i �i�?�2�b�2 �/�2�i�2�`�K�B�M�B�b�i�B�+ �+�Q�K�T���`�B�b�Q�M�b �i�Q �Q�#�b�2�`�p�2�/ �?���x���`�/�b �B�b �i�Q �B�M�i�`�Q�/�m�+�2

�� �T�Q�T�m�H���i�B�Q�M�@�H�2�p�2�H �b�K�Q�Q�i�?�B�M�; �/�2�p�B�+�2�X �h�?�B�b �B�b �M�Q�i ���M ���/�/�B�i�B�Q�M���H �T�`�B�K�B�i�B�p�2 �Q�7 �i�?�2 �B�M�/�B�p�B�/�m���H �/�`�B�p�2�`�ö�b

�T�`�Q�#�H�2�K�X �1�[�m�B�p���H�2�M�i�H�v�- �i�?�2 �b�K�Q�Q�i�?�B�M�; �i�2�`�K�b �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �`�2�/�m�+�2�/�@�7�Q�`�K �?�2�i�2�`�Q�;�2�M�2�B�i�v �B�M

�7���i�B�;�m�2�- �H�Q�+���i�B�Q�M�b�- �Q�T�T�Q�`�i�m�M�B�i�v �+�Q�b�i�b�- �b�+�?�2�/�m�H�2�b�- �Q�m�i�b�B�/�2 �Q�T�i�B�Q�M�b�- �Q�` �Q�i�?�2�` �m�M�Q�#�b�2�`�p�2�/ �b�i���i�2�b�X �h�?�2

�j



�;�2�M�2�`���H �H�Q�;�B�+ �B�b

�Q�#�b�2�`�p�2�/ �`�2�b�T�Q�M�b�2 ���ip � �H���i�2�M�i �B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�v ���ip
| {z }

�?�Q�r �i�?�2 �b�?�Q�+�F �b�?�B�7�i�b �i�?�2 �p���H�m�2 �+�Q�K�T���`�B�b�Q�M

� �K���b�b �M�2���` �i�?�2 �`�2�H�2�p���M�i �#�Q�m�M�/���`�v ���ip
| {z }

�?�Q�r �K���M�v �/�`�B�p�2�`�b �+���M �#�2 �i�B�T�T�2�/

:

�6�Q�` �[�m�B�i�i�B�M�;�- �b�m�T�T�Q�b�2 �/�`�B�p�2�`�b �/�B�z�2�` �B�M ���M �B�/�B�Q�b�v�M�+�`���i�B�+ �+�Q�M�i�B�M�m���i�B�Q�M�@�+�Q�b�i �b�?�B�7�i�2�`� �r�B�i�? �/�B�b�i�`�B�#�m�@

�i�B�Q�MF� ���M�/ �/�2�M�b�B�i�vf � �- ���M�/ �[�m�B�i �r�?�2�M

D CQ
t (d; y; T) � �:

�q�B�i�? �i�?�2 �b�B�;�M �+�Q�M�p�2�M�i�B�Q�M �+�?�Q�b�2�M �b�Q �i�?���i �?�B�;�?�2�`D CQ
t �H�Q�r�2�`�b �i�?�2 �[�m�B�i �T�`�Q�#���#�B�H�B�i�v�-

Pr( �Z�m�B�ij d; y; t; T ) = 1 � F�

�
D CQ

t (d; y; T)
�

:

�.�B�z�2�`�2�M�i�B���i�B�M�; �r�B�i�? �`�2�b�T�2�+�i �i�Q �B�M�+�Q�K�2 �;�B�p�2�b

@Pr( �Z�m�B�ij d; y; t; T )
@y

= � f �

�
D CQ

t (d; y; T)
�

| {z }
�K���b�b �M�2���` �[�m�B�i �#�Q�m�M�/���`�v

�
@DCQ

t (d; y; T)
@y

| {z }
�H���i�2�M�i �B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�v

:

�1�[�m�B�p���H�2�M�i�H�v�- ���#�b�i�`���+�i�B�M�; �7�`�Q�K �b�B�;�M �+�Q�M�p�2�M�i�B�Q�M�b�-

�Q�#�b�2�`�p�2�/ �[�m�B�i �`�2�b�T�Q�M�b�2 ���ip � �H���i�2�M�i �B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�v ���ip
| {z }

@DCQ
t =@y

� �K���b�b �M�2���` �[�m�B�i �#�Q�m�M�/���`�v ���ip
| {z }

D CQ
t � 0

:

�6�Q�` �#�`�2���F�@�i���F�B�M�;�- �b�m�T�T�Q�b�2 �/�`�B�p�2�`�b �/�B�z�2�` �B�M ���M �B�/�B�Q�b�v�M�+�`���i�B�+ �r�Q�`�F���#�`�2���F �b�?�B�7�i�2�`� �r�B�i�? �/�B�b�i�`�B�#�m�i�B�Q�M

F� ���M�/ �/�2�M�b�B�i�vf � �- ���M�/ �#�`�2���F �r�?�2�M

D W B
t (d; y; T) � �:

�q�B�i�? �i�?�2 �b�B�;�M �+�Q�M�p�2�M�i�B�Q�M �+�?�Q�b�2�M �b�Q �i�?���i �?�B�;�?�2�`D W B
t �H�Q�r�2�`�b �i�?�2 �#�`�2���F �T�`�Q�#���#�B�H�B�i�v�-

Pr( �"�`�2���Fj d; y; t; T ) = 1 � F�
�
D W B

t (d; y; T)
�

:

�.�B�z�2�`�2�M�i�B���i�B�M�; �r�B�i�? �`�2�b�T�2�+�i �i�Q �B�M�+�Q�K�2 �;�B�p�2�b

@Pr( �"�`�2���Fj d; y; t; T )
@y

= � f �
�
D W B

t (d; y; T)
�

| {z }
�K���b�b �M�2���` �r�Q�`�F���#�`�2���F �#�Q�m�M�/���`�v

�
@DW B

t (d; y; T)
@y

| {z }
�H���i�2�M�i �B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�v

:

�1�[�m�B�p���H�2�M�i�H�v�- ���#�b�i�`���+�i�B�M�; �7�`�Q�K �b�B�;�M �+�Q�M�p�2�M�i�B�Q�M�b�-

�Q�#�b�2�`�p�2�/ �#�`�2���F �`�2�b�T�Q�M�b�2 ���ip � �H���i�2�M�i �B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�v ���ip
| {z }

@DW B
t =@y

� �K���b�b �M�2���` �r�Q�`�F���#�`�2���F �#�Q�m�M�/���`�v ���ip
| {z }

D W B
t � 0

:

�A�M �i�?�2 �i�?�`�2�2�@���+�i�B�Q�M �K�Q�/�2�H�- ���M �Q�#�b�2�`�p�2�/ �#�`�2���F �+�Q�M�/�B�i�B�Q�M�b �Q�M �i�?�2 �/�`�B�p�2�` �?���p�B�M�; �+�Q�M�i�B�M�m�2�/ �`���i�?�2�`
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�i�?���M �?���p�B�M�; �[�m�B�i�X �h�?�2 �2�t�T�`�2�b�b�B�Q�M ���#�Q�p�2 �b�?�Q�m�H�/ �i�?�2�`�2�7�Q�`�2 �#�2 �`�2���/ ���b �+�?���`���+�i�2�`�B�x�B�M�; �i�?�2 �r�Q�`�F���#�`�2���F

�K���`�;�B�M �+�Q�M�/�B�i�B�Q�M���H �Q�M �+�Q�M�i�B�M�m���i�B�Q�M�- �Q�` �B�M �`�2�;�B�Q�M�b �r�?�2�`�2 �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �#�Q�m�M�/���`�v �B�b �M�Q�i �i�?�2

���+�i�B�p�2 �K���`�;�B�M�X �L�2���` �i�?�2 �b�i�Q�T�T�B�M�; �#�Q�m�M�/���`�v�- �Q�#�b�2�`�p�2�/ �#�`�2���F �?���x���`�/�b �B�M �i�?�2 �/���i�� �K���v �#�2 ���z�2�+�i�2�/

�#�v �b�2�H�2�+�i�B�Q�M �B�M�i�Q �+�Q�M�i�B�M�m���i�B�Q�M�X

�A�M �b�m�K�K���`�v�- �i�?�2 �Q�#�b�2�`�p�2�/ �`�2�b�T�Q�M�b�2 ���i �� �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�M �/�2�T�2�M�/�b �Q�M �#�Q�i�? �i�?�2 �B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�v

�Q�7 �i�?�2 �`�2�H�2�p���M�i �H���i�2�M�i �+�Q�K�T���`�B�b�Q�M ���M�/ �i�?�2 �K���b�b �Q�7 �/�`�B�p�2�`�b �M�2���` �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �#�Q�m�M�/���`�v�X

���X�k �L�2�Q�+�H���b�b�B�+���H �a�2�T���`���#�B�H�B�i�v

�*�Q�M�b�B�/�2�` �i�?�2 �#�2�M�+�?�K���`�F �r�B�i�? �H�B�M�2���` �m�i�B�H�B�i�v �Q�p�2�` �B�M�+�Q�K�2�-Ut (y; T) = y�X �h�?�2 �"�2�H�H�K���M �2�[�m���i�B�Q�M �B�b

Vt (d; y; T) = max f Wt (d; y; T); B t (d; y; T); yg;

�r�?�2�`�2

Wt (d; y; T) = � c(d) �  (t) � � t (T) + E [Vt+1 (d + 1 ; y + w + " t ; T)] ;

B t (d; y; T) = �  (t) � � t (T) + Vt+1 (0; y; T):

�S�`�Q�T�Q�b�B�i�B�Q�M �R �U�L�2�Q�+�H���b�b�B�+���H �b�2�T���`���#�B�H�B�i�v�V�a�m�T�T�Q�b�2Ut (y; T) = y�X �h�?�2�M �i�?�2 �p���H�m�2 �7�m�M�+�i�B�Q�M �B�b

���/�/�B�i�B�p�2�H�v �b�2�T��� �̀��#�H�2 �B�M �+�m�K�m�H���i�B�p�2 �B�M�+�Q�K�2�,

Vt (d; y; T) = y + H t (d; T);

�7�Q�` �b�Q�K�2 �7�m�M�+�i�B�Q�MH t (d; T)�X �*�Q�M�b�2�[�m�2�M�i�H�v�- � �̀2���H�B�x�2�/ �+�m�K�m�H���i�B�p�2 �B�M�+�Q�K�2y �/�Q�2�b �M�Q�i ���z�2�+�i �i�?�2 �r�Q�`�F�-

�#� �̀2���F�- �Q�` �[�m�B�i �`�m�H�2�b�X �*�?�Q�B�+�2�b �/�2�T�2�M�/ �Q�M �B�M�+�Q�K�2 �Q�M�H�v �i�?� �̀Q�m�;�? �i�?�2 �+�Q�M�b�i���M�i �K��� �̀;�B�M���H �p���H�m�2 �Q�7 �i�?�2

�B�M�+�Q�K�2 �;�2�M�2� �̀��i�2�/ �#�v �r�Q�`�F�B�M�;�X

�S�`�Q�Q�7�X�*�Q�M�D�2�+�i�m�`�2 �i�?���iVt+1 (d; y; T) = y + H t+1 (d; T)�X �h�?�2�M

Wt (d; y; T) = � c(d) �  (t) � � t (T) + E [y + w + " t + H t+1 (d + 1; T)]

= y + [ � c(d) �  (t) � � t (T) + w + H t+1 (d + 1; T)] ;

�m�b�B�M�;E[" t ] = 0 �X �a�B�K�B�H���`�H�v�-

B t (d; y; T) = y + [ �  (t) � � t (T) + H t+1 (0; T)] ;

���M�/Qt (y; T) = y�X �>�2�M�+�2

Vt (d; y; T) = y+max f� c(d) �  (t) � � t (T) + w + H t+1 (d + 1; T); �  (t) � � t (T) + H t+1 (0; T); 0g:

�.�2�}�M�2 �i�?�2 �2�t�T�`�2�b�b�B�Q�M �B�M �#�`���+�2�b ���bH t (d; T)�X �h�?�B�b �T�`�Q�p�2�b �b�2�T���`���#�B�H�B�i�v �#�v �#���+�F�r���`�/ �B�M�/�m�+�i�B�Q�M �Q�M ���M�v

�}�M�B�i�2 �i�`�m�M�+���i�B�Q�M �?�Q�`�B�x�Q�M�X �S�`�Q�p�B�/�2�/ �i�?�2 �#���b�2�@�2�M�p�B�`�Q�M�K�2�M�i �+�Q�b�i �b�T�2�+�B�}�+���i�B�Q�M �2�M�b�m�`�2�b �}�M�B�i�2 �b�i�Q�T�T�B�M�;��

�8



�7�Q�` �2�t���K�T�H�2�- �#�2�+���m�b�2 (t) �2�p�2�M�i�m���H�H�v �/�Q�K�B�M���i�2�b �i�?�2 �p���H�m�2 �Q�7 �+�Q�M�i�B�M�m�2�/ �r�Q�`�F�- �Q�` �#�2�+���m�b�2 �2�t�T�H�B�+�B�i

�b�+�?�2�/�m�H�2 �+�Q�b�i�b �#�2�+�Q�K�2 �b�m�{�+�B�2�M�i�H�v �H���`�;�2���i�?�2 �}�M�B�i�2�@�?�Q�`�B�x�Q�M ���`�;�m�K�2�M�i �2�t�i�2�M�/�b �i�Q �i�?�2 �B�M�}�M�B�i�2�@�?�Q�`�B�x�Q�M

�T�`�Q�#�H�2�K �#�v �b�i���M�/���`�/ �i�`�m�M�+���i�B�Q�M�X

���X�j �A�M�+�Q�K�2 �h���`�;�2�i�B�M�; ���M�/ �i�?�2 �*�Q�M�i�B�M�m�2���Z�m�B�i �o���H�m�2 �*�Q�K�T���`�B�b�Q�M

�q�2 �r�`�B�i�2U(y) = y + � y(y � �y) �r�B�i�?�B�M �i�?�2 �T�`�Q�T�Q�b�B�i�B�Q�M �7�Q�` �#�`�2�p�B�i�v�- �r�B�i�? �i�?�2 �m�M�/�2�`�b�i���M�/�B�M�; �i�?���i�y

�K���v �#�2 �2�B�i�?�2�` �}�t�2�/ �U�J�Q�/�2�H�b ���- �"�V �Q�` �� �7�m�M�+�i�B�Q�M �Q�7T �U�J�Q�/�2�H �*�V�X �G�2�i

Ct (d; y; T) � maxf Wt (d; y; T); B t (d; y; T)g

�/�2�M�Q�i�2 �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�- ���M�/ �/�2�}�M�2 �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �/�B�z�2�`�2�M�+�2

D CQ
t (d; y; T) � Ct (d; y; T) � U(y):

�h�?�2 �/�`�B�p�2�` �[�m�B�i�b �r�?�2�MD CQ
t (d; y; T) < 0�X

�6�Q�` �� �}�t�2�/ �+�Q�M�i�B�M�m���i�B�Q�M ���+�i�B�Q�M ���i �T�2�`�B�Q�/t�- �H�2�i� t (d; y; T) �/�2�M�Q�i�2 �i�?�2 �p���H�m�2 �Q�7 �7�Q�H�H�Q�r�B�M�; �i�?���i

�+�Q�M�i�B�M�m���i�B�Q�M ���+�i�B�Q�M �B�M �T�2�`�B�Q�/t ���M�/ �#�2�?���p�B�M�; �Q�T�i�B�K���H�H�v �i�?�2�`�2���7�i�2�`�X �h�?�m�bCt (d; y; T) �B�b �i�?�2 �K���t�B�K�m�K

�Q�7 �i�?�2 �r�Q�`�F�@�+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2 ���M�/ �i�?�2 �#�`�2���F�@�+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�X �6�Q�` �i�r�Q �B�M�+�Q�K�2 �b�i���i�2�by ���M�/y+ � �-

�+�Q�K�T���`�2 �+�Q�m�T�H�2�/ �T���i�?�b �i�?���i �7�Q�H�H�Q�r �i�?�2 �b���K�2 �T�2�`�B�Q�/�@t �+�Q�M�i�B�M�m���i�B�Q�M ���+�i�B�Q�M ���M�/ �7���+�2 �i�?�2 �b���K�2 �7�m�i�m�`�2

�2���`�M�B�M�;�b �b�?�Q�+�F�b�X

�S�`�Q�T�Q�b�B�i�B�Q�M �k �U�A�M�+�Q�K�2 �b�?�B�7�i�b �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �+�Q�K�T���`�B�b�Q�M�V�a�m�T�T�Q�b�2� > 0 ���M�/y; y+ � �

�y �r�B�i�?� > 0�X �G�2�iP c
t (d; y; � ; T) �/�2�M�Q�i�2 �i�?�2 �T� �̀Q�#���#�B�H�B�i�v �i�?���i �i�2�`�K�B�M���H �B�M�+�Q�K�2 � �̀2�K���B�M�b �#�2�H�Q�r�y �m�M�/�2�`

�i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �T�Q�H�B�+�v ���i�i���B�M�B�M�;Ct (d; y + � ; T)�- �2�p���H�m���i�2�/ �Q�M �i�?�2 �+�Q�m�T�H�2�/ �H�Q�r�2�`�@�B�M�+�Q�K�2 �T���i�? �i�?���i

�b�i���`�i�b �7� �̀Q�Ky�X �h�?�m�b�-1 � P c
t (d; y; � ; T) �B�b �i�?�2 �T� �̀Q�#���#�B�H�B�i�v �i�?���i �i�?�B�b �+�Q�m�T�H�2�/ �H�Q�r�2�`�@�B�M�+�Q�K�2 �T���i�? � �̀2���+�?�2�b

�Q�` �2�t�+�2�2�/�b �i�?�2 �i��� �̀;�2�i�X �h�?�2�M �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �/�B�z�2� �̀2�M�+�2 �b���i�B�b�}�2�b

D CQ
t (d; y + � ; T) � D CQ

t (d; y; T) � � � (1 � P c
t (d; y; � ; T)) � � 0:

�h�?�m�b�- �#�2�H�Q�r �i�?�2 �i��� �̀;�2�i�- �� �T�Q�b�B�i�B�p�2 �B�M�+�Q�K�2 �B�M�+� �̀2�K�2�M�i �r�2���F�H�v �H�Q�r�2�`�b �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �/�B�z�2� �̀2�M�+�2�c

�2�[�m�B�p���H�2�M�i�H�v�- �� �M�2�;���i�B�p�2 �B�M�+�Q�K�2 �b�?�Q�+�F �r�2���F�H�v �b�?�B�7�i�b �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �+�Q�K�T���`�B�b�Q�M �i�Q�r��� �̀/ �+�Q�M�i�B�M�m�B�M�;�X

�S�`�Q�Q�7�X�h�?�2 �i�2�`�K�B�M���H �T���v�Q�z �B�b

U(y) =

8
<

:
y; y � �y;

(1 + � )y � � �y; y < �y:

�A�M�+�`�2���b�B�M�; �+�m�`�`�2�M�i �B�M�+�Q�K�2 �#�v� �`���B�b�2�b �i�?�2 �[�m�B�i �p���H�m�2 �#�v(1 + � )� ���b �H�Q�M�; ���b �#�Q�i�?y ���M�/y + � ���`�2

�#�2�H�Q�r�y�,

U(y + � ) � U(y) = (1 + � )�:

�e



�L�Q�r �+�Q�M�b�B�/�2�` �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�X �6�Q�H�H�Q�r �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �T�Q�H�B�+�v �i�?���i ���i�i���B�M�bCt (d; y+ � ; T)

���M�/ �+�Q�K�T���`�2 �B�i �i�Q �i�?�2 �+�Q�m�T�H�2�/ �T���i�? �b�i���`�i�B�M�; �7�`�Q�Ky �r�B�i�? �i�?�2 �b���K�2 ���+�i�B�Q�M�b ���M�/ �b�?�Q�+�F�b�X �h�2�`�K�B�M���H

�B�M�+�Q�K�2 �Q�M �i�?�2 �?�B�;�?�@�B�M�+�Q�K�2 �T���i�? �2�t�+�2�2�/�b �i�2�`�K�B�M���H �B�M�+�Q�K�2 �Q�M �i�?�2 �H�Q�r�@�B�M�+�Q�K�2 �T���i�? �#�v� �X �A�7 �i�?�2 �H�Q�r�@

�B�M�+�Q�K�2 �i�2�`�K�B�M���H �T���i�? �`�2�K���B�M�b �#�2�H�Q�r�y�- �i�?�2�M �i�?�2 �i�2�`�K�B�M���H �T���v�Q�z �/�B�z�2�`�2�M�+�2 �B�b(1 + � )� �m�M�H�2�b�b �i�?�2

�?�B�;�?�@�B�M�+�Q�K�2 �T���i�? �+�`�Q�b�b�2�b �i�?�2 �F�B�M�F�- �B�M �r�?�B�+�? �+���b�2 �i�?�2 �/�B�z�2�`�2�M�+�2 �B�b �r�2���F�H�v �b�K���H�H�2�`�X �A�7 �i�?�2 �H�Q�r�@�B�M�+�Q�K�2

�i�2�`�K�B�M���H �T���i�? �`�2���+�?�2�b �Q�` �2�t�+�2�2�/�b�y�- �i�?�2 �i�2�`�K�B�M���H �T���v�Q�z �/�B�z�2�`�2�M�+�2 �B�b� �X �>�2�M�+�2 �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M�@�p���H�m�2

�;���B�M �7�`�Q�K �`���B�b�B�M�; �+�m�`�`�2�M�i �B�M�+�Q�K�2 �#�v� �B�b �#�Q�m�M�/�2�/ ���#�Q�p�2 �#�v

� + �P c
t (d; y; � ; T)�:

�a�B�M�+�2 �i�?�2 �[�m�B�i �p���H�m�2 �`�B�b�2�b �#�v(1 + � )� �- �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �b�m�`�T�H�m�b �+�?���M�;�2�b �#�v ���i �K�Q�b�i

[� + �P c
t (d; y; � ; T)� ] � (1 + � )� = � � (1 � P c

t (d; y; � ; T)) �:

�h�?�B�b �T�`�Q�p�2�b �i�?�2 �`�2�b�m�H�i�X

�S�`�Q�T�Q�b�B�i�B�Q�M�k�+�?���`���+�i�2�`�B�x�2�b �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7 �i�?�2 �H���i�2�M�i �+�Q�M�i�B�M�m�2���[�m�B�i �b�?�B�7�i �7�Q�` �/�`�B�p�2�`�b �B�M �i�?�2 �H�Q�b�b

�/�Q�K���B�M�X �h�?�2 �B�M�2�[�m���H�B�i�v �B�b �� �b�B�;�M�2�/ �#�Q�m�M�/�, �r�?�2�M �+�m�`�`�2�M�i �B�M�+�Q�K�2 �B�b �?�B�;�?�2�` �#�v� �- �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i

�/�B�z�2�`�2�M�+�2 �7���H�H�b �#�v ���i �H�2���b�i� (1 � P c
t )� �- �r�?�2�`�21� P c

t �B�b �i�?�2 �T�`�Q�#���#�B�H�B�i�v �i�?���i �i�?�2 �+�Q�m�T�H�2�/ �H�Q�r�2�`�@�B�M�+�Q�K�2

�+�Q�M�i�B�M�m���i�B�Q�M �T���i�? �`�2���+�?�2�b �i�?�2 �i���`�;�2�i�X �h�?�m�b�- �i�?�2 �#�Q�m�M�/ �B�b �K�Q�b�i �B�M�7�Q�`�K���i�B�p�2 �r�?�2�M �+�Q�M�i�B�M�m���i�B�Q�M �?���b

�� �M�Q�M�i�`�B�p�B���H �+�?���M�+�2 �Q�7 �+�`�Q�b�b�B�M�; �i�?�2 �i���`�;�2�i�X �h�?�2 �2�+�Q�M�Q�K�B�+ �B�M�i�m�B�i�B�Q�M �B�b �i�?���i �B�M�+�Q�K�2 �K���i�i�2�`�b �7�Q�` �i�?�2

�+�Q�M�i�B�M�m�2���[�m�B�i �+�Q�K�T���`�B�b�Q�M �r�?�2�M �[�m�B�i�i�B�M�; �H�Q�+�F�b �B�M �� �H�Q�b�b�@�/�Q�K���B�M �T���v�Q�z �#�m�i �+�Q�M�i�B�M�m�B�M�; �T�`�2�b�2�`�p�2�b ��

�K�2���M�B�M�;�7�m�H �+�?���M�+�2 �Q�7 �2�b�+���T�B�M�; �i�?�2 �H�Q�b�b �/�Q�K���B�M�X �A�7 �#�Q�i�? �[�m�B�i�i�B�M�; ���M�/ �+�Q�M�i�B�M�m���i�B�Q�M ���`�2 ���H�K�Q�b�i �b�m�`�2�H�v

�#�2�H�Q�r �i�?�2 �i���`�;�2�i�- �i�?�2 �i�r�Q �p���H�m�2�b �i�2�M�/ �i�Q �K�Q�p�2 �b�B�K�B�H���`�H�v �r�B�i�? �B�M�+�Q�K�2�c �B�7 �#�Q�i�? ���`�2 ���H�K�Q�b�i �b�m�`�2�H�v

���#�Q�p�2 �i�?�2 �i���`�;�2�i�- �;���B�M���H�Q�b�b �2�t�T�Q�b�m�`�2 �B�b �;�Q�M�2�X

�6�`�Q�K �H���i�2�M�i �b�m�`�T�H�m�b �i�Q �[�m�B�i�i�B�M�;�X�S�`�Q�T�Q�b�B�i�B�Q�M�k�B�b �� �H���i�2�M�i �p���H�m�2�@�+�Q�K�T���`�B�b�Q�M �`�2�b�m�H�i�X �A�i �/�Q�2�b �M�Q�i

�B�K�T�H�v �i�?���i �2�p�2�`�v �#�2�H�Q�r�@�i���`�;�2�i �/�`�B�p�2�` �+�?���M�;�2�b �[�m�B�i�i�B�M�; �#�2�?���p�B�Q�` ���7�i�2�` ���M �B�M�+�Q�K�2 �b�?�Q�+�F�X �� �#�2�?���p�B�Q�`���H

�[�m�B�i �`�2�b�T�Q�M�b�2 �Q�+�+�m�`�b �Q�M�H�v �r�?�2�M �i�?�2 �/�`�B�p�2�` �B�b �+�H�Q�b�2 �i�Q �i�?�2 �[�m�B�i �#�Q�m�M�/���`�v�-D CQ
t (d; y; T) � 0�X �h�?�m�b

�Q�#�b�2�`�p�2�/ �[�m�B�i �`�2�b�T�Q�M�b�2�b ���`�2 �2�t�T�2�+�i�2�/ �i�Q �#�2 �H���`�;�2�b�i �r�?�2�`�2 �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �+�Q�K�T���`�B�b�Q�M �B�b �#�Q�i�?

�B�M�+�Q�K�2�@�b�2�M�b�B�i�B�p�2 ���M�/ �2�K�T�B�`�B�+���H�H�v ���+�i�B�p�2�- ���b �7�Q�`�K���H�B�x�2�/ �B�M �a�2�+�i�B�Q�M���X�R�X

���X�9 �A�M�+�Q�K�2 �h���`�;�2�i�B�M�; ���M�/ �i�?�2 �q�Q�`�F���"�`�2���F �o���H�m�2 �*�Q�K�T���`�B�b�Q�M

�.�2�}�M�2 �i�?�2 �r�Q�`�F���#�`�2���F �/�B�z�2�`�2�M�+�2

D W B
t (d; y; T) � Wt (d; y; T) � B t (d; y; T):

�h�?�2 �/�`�B�p�2�` �r�Q�`�F�b �`���i�?�2�` �i�?���M �#�`�2���F�b �r�?�2�M�2�p�2�`D W B
t (d; y; T) � 0�X

�6�Q��̀ > 0�- �/�2�}�M�2 �i�?�2 �}�M�B�i�2�@�/�B�z�2�`�2�M�+�2 �B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�B�2�b �Q�7 �i�?�2 �q�Q�`�F ���M�/ �"�`�2���F �+�Q�M�i�B�M�m���i�B�Q�M

�d



�p���H�m�2�b�,

� W
t (d; y; � ; T) � Wt (d; y; T) � Wt (d; y � � ; T); �U���X�R�V

� B
t (d; y; � ; T) � B t (d; y; T) � B t (d; y � � ; T): �U���X�k�V

�h�?�2���#�b�Q�`�#�B�M�; � �̀2�;�B�K�2�?�Q�H�/�b �Q�p�2�` �i�?�2 �B�M�i�2�`�p���H[y � �; y ] �B�7

� B
t (d; y; � ; T) � � W

t (d; y; � ; T): �U���X�j�V

�h�?�B�b �+�Q�M�/�B�i�B�Q�M �b���v�b �i�?���i�- �Q�p�2�` �i�?�2 �`�2�H�2�p���M�i �B�M�+�Q�K�2 �B�M�i�2�`�p���H�- �i�?�2 �"�`�2���F �+�Q�M�i�B�M�m���i�B�Q�M �B�b ���i �H�2���b�i ���b

�B�M�+�Q�K�2�@�b�2�M�b�B�i�B�p�2 ���b �i�?�2 �q�Q�`�F �+�Q�M�i�B�M�m���i�B�Q�M�X

�S�`�Q�T�Q�b�B�i�B�Q�M �j �U���#�b�Q�`�#�B�M�;�@�`�2�;�B�K�2 �r�Q�`�F���#�`�2���F �b�?�B�7�i�V�a�m�T�T�Q�b�2 �i�?�2 ���#�b�Q�`�#�B�M�;�@� �̀2�;�B�K�2 �+�Q�M�/�B�i�B�Q�M

�U���X�j�V�?�Q�H�/�b�X �h�?�2�M �� �M�2�;���i�B�p�2 �B�M�+�Q�K�2 �b�?�Q�+�F �r�2���F�H�v �b�?�B�7�i�b �i�?�2 �r�Q�`�F���#� �̀2���F �+�Q�K�T���`�B�b�Q�M �i�Q�r��� �̀/ �q�Q�`�F�,

D W B
t (d; y � � ; T) � D W B

t (d; y; T):

�S�`�Q�Q�7�X�l�b�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M�b ���#�Q�p�2�-

D W B
t (d; y � � ; T) � D W B

t (d; y; T) = [ Wt (d; y � � ; T) � B t (d; y � � ; T)] � [Wt (d; y; T) � B t (d; y; T)]

= [ B t (d; y; T) � B t (d; y � � ; T)] � [Wt (d; y; T) � Wt (d; y � � ; T)]

= � B
t (d; y; � ; T) � � W

t (d; y; � ; T):

�h�?�2 ���#�b�Q�`�#�B�M�;�@�`�2�;�B�K�2 �+�Q�M�/�B�i�B�Q�M �K���F�2�b �i�?�B�b �2�t�T�`�2�b�b�B�Q�M �r�2���F�H�v �T�Q�b�B�i�B�p�2�X

�h�?�2 �T�`�Q�T�Q�b�B�i�B�Q�M �B�b �+�Q�M�/�B�i�B�Q�M���H �Q�M �i�?�2 ���#�b�Q�`�#�B�M�;�@�`�2�;�B�K�2 �B�M�2�[�m���H�B�i�v�X �h�?�2 �B�M�2�[�m���H�B�i�v �+�Q�K�T���`�2�b �i�?�2

�B�M�+�Q�K�2 �b�2�M�b�B�i�B�p�B�i�v �Q�7 �i�?�2 �"�`�2���F ���M�/ �q�Q�`�F �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�b �Q�p�2�`[y � �; y ]�c �B�i �B�b �M�Q�i �/�2�`�B�p�2�/ �7�`�Q�K

�T�`�B�K�B�i�B�p�2 �`�2�b�i�`�B�+�i�B�Q�M�b ���H�Q�M�2�X �h�?�2 �/�B�b�+�m�b�b�B�Q�M �#�2�H�Q�r �2�t�T�H���B�M�b �r�?�2�M �i�?�B�b �+�Q�M�/�B�i�B�Q�M �B�b �2�+�Q�M�Q�K�B�+���H�H�v

�M���i�m�`���H�- �#�m�i �i�?�2 �b�B�;�M �Q�7 �i�?�2 �#�`�2���F �`�2�b�T�Q�M�b�2 �`�2�K���B�M�b ���M �2�K�T�B�`�B�+���H �[�m�2�b�i�B�Q�M�X

�q�?�2�M �i�?�2 ���#�b�Q�`�#�B�M�; �`�2�;�B�K�2 ���`�B�b�2�b�X�h�?�2 �+�Q�M�/�B�i�B�Q�M �B�M �U���X�j�V �B�b �`�2�H���i�B�p�2�X �A�i �/�Q�2�b �M�Q�i �`�2�[�m�B�`�2

�i�?�2 �"�`�2���F �+�Q�M�i�B�M�m���i�B�Q�M �i�Q �#�2 �i�?�2 �Q�M�H�v �B�M�+�Q�K�2�@�b�2�M�b�B�i�B�p�2 �+�Q�M�i�B�M�m���i�B�Q�M�- �M�Q�` �/�Q�2�b �B�i �`�2�[�m�B�`�2 ���H�H �/�`�B�p�2�`�b

�#�2�H�Q�r �i�?�2 �i���`�;�2�i �i�Q �i���F�2 �7�2�r�2�` �#�`�2���F�b ���7�i�2�` �� �M�2�;���i�B�p�2 �b�?�Q�+�F�X �A�i �`�2�[�m�B�`�2�b �i�?�2 �"�`�2���F �+�Q�M�i�B�M�m���i�B�Q�M �i�Q

�#�2 ���i �H�2���b�i ���b �b�2�M�b�B�i�B�p�2 �i�Q �B�M�+�Q�K�2 ���b �i�?�2 �q�Q�`�F �+�Q�M�i�B�M�m���i�B�Q�M �Q�p�2�` �i�?�2 �`�2�H�2�p���M�i �B�M�i�2�`�p���H�X �A�M�i�m�B�i�B�p�2�H�v�- ��

�#�`�2���F �H�2���p�2�b �i�?�2 �/�`�B�p�2�` �`�2�b�i�2�/ �#�m�i �r�B�i�? �H�Q�r�2�` �+�m�`�`�2�M�i �B�M�+�Q�K�2 ���M�/ �Q�M�2 �7�2�r�2�` �2���`�M�B�M�; �T�2�`�B�Q�/�X �q�?�2�M

�i�?�2 �#�`�2���F �+�Q�M�i�B�M�m���i�B�Q�M �B�b �K�Q�`�2 �2�t�T�Q�b�2�/ �i�Q �i�?�2 �`�B�b�F �Q�7 �}�M�B�b�?�B�M�; �#�2�H�Q�r �i�?�2 �B�M�+�Q�K�2 �i���`�;�2�i �i�?���M �i�?�2

�r�Q�`�F �+�Q�M�i�B�M�m���i�B�Q�M�- �� �M�2�;���i�B�p�2 �B�M�+�Q�K�2 �b�?�Q�+�F �H�Q�r�2�`�b �i�?�2 �`�2�H���i�B�p�2 �p���H�m�2 �Q�7 �#�`�2���F�B�M�; ���M�/ �b�?�B�7�i�b �i�?�2

�+�Q�K�T���`�B�b�Q�M �i�Q�r���`�/ ���+�i�B�p�2 �r�Q�`�F�X

�h�?�2 �Q�T�T�Q�b�B�i�2 �+���b�2 �B�b ���H�b�Q �T�Q�b�b�B�#�H�2�X �A�7 �� �M�2�;���i�B�p�2 �B�M�+�Q�K�2 �b�?�Q�+�F �b�m�#�b�i���M�i�B���H�H�v �2�t�i�2�M�/�b �i�?�2 �2�t�T�2�+�i�2�/

�`�2�K���B�M�B�M�; �?�Q�`�B�x�Q�M�- �i�?�2 �p���H�m�2 �Q�7 �`�2�b�i �K���v �`�B�b�2 �#�2�+���m�b�2 �i�?�2 �/�`�B�p�2�` �2�t�T�2�+�i�b �i�Q �r�Q�`�F �H�Q�M�;�2�`�X �A�M �i�?���i �+���b�2�-

�B�M�+�Q�K�2 �b�?�Q�+�F�b �+���M �T�m�b�? �i�Q�r���`�/ �K�Q�`�2 �#�`�2���F�b�X �h�?�B�b �7�Q�`�+�2 �B�b �K�Q�b�i �`�2�H�2�p���M�i �r�?�2�M �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i

�K���`�;�B�M �B�b ���+�i�B�p�2�X �h�?�2 �b�B�;�M �Q�7 �i�?�2 �#�`�2���F �`�2�b�T�Q�M�b�2 �B�b �i�?�2�`�2�7�Q�`�2 ���M �2�K�T�B�`�B�+���H �[�m�2�b�i�B�Q�M�X

�3



���X�8 �a�+�?�2�/�m�H�2 �.�2�T�2�M�/�2�M�+�2

���X�8�X�R �J�Q�/�2�H ��

�S�`�Q�T�Q�b�B�i�B�Q�M�R�B�K�T�H�B�2�b �i�?���i �B�M�+�Q�K�2 �b�?�Q�+�F�b �/�Q �M�Q�i ���z�2�+�i �H���#�Q�`�@�b�m�T�T�H�v �+�?�Q�B�+�2�b �B�M �i�?�2 �M�2�Q�+�H���b�b�B�+���H

�#�2�M�+�?�K���`�F�X �h�?�2 �#�2�M�+�?�K���`�F �B�b �M�2�p�2�`�i�?�2�H�2�b�b �m�b�2�7�m�H �#�2�+���m�b�2�- �m�M�/�2�` �J�Q�/�2�H ���- �b�+�?�2�/�m�H�2 �+�Q�b�i�b �K���F�2

�i�?�2 �H���i�2�M�i �p���H�m�2 �+�Q�K�T���`�B�b�Q�M�b �b�+�?�2�/�m�H�2�@�/�2�T�2�M�/�2�M�i �2�p�2�M �B�M �i�?�B�b �#�2�M�+�?�K���`�F�X �q�2 �M�Q�r �7�Q�`�K���H�B�x�2 �i�?�B�b

�#���b�2�H�B�M�2 �K���`�;�B�M�@���+�i�B�p���i�B�Q�M �`�2�b�m�H�i�X

�G�2�K�K�� �R �U�"���b�2�H�B�M�2 �K���`�;�B�M ���+�i�B�p���i�B�Q�M �m�M�/�2�` �b�+�?�2�/�m�H�2 �+�Q�b�i�b�V�*�Q�M�b�B�/�2�` �J�Q�/�2�H �� �B�M �i�?�2 �M�2�Q�@

�+�H���b�b�B�+���H �#�2�M�+�?�K���`�F�- �b�QU(y) = y ���M�/� t (T) = ' (t � T)�X �h�?�2�M �+�m�K�m�H���i�B�p�2 �B�M�+�Q�K�2y �/�Q�2�b �M�Q�i ���z�2�+�i

�2�B�i�?�2�` �i�?�2 �r�Q�`�F���#� �̀2���F �Q�` �+�Q�M�i�B�M�m�2���[�m�B�i �+�Q�K�T���`�B�b�Q�M�c �i�?�2 �H�Q�+���i�B�Q�M�b �Q�7 �i�?�2 ���+�i�B�p�2 �K��� �̀;�B�M�b ��� �̀2 �;�Q�p�2�`�M�2�/

�#�v �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�b ���H�Q�M�2�X �l�M�/�2�` �i�?�2 �b�m�{�+�B�2�M�i �+�Q�M�/�B�i�B�Q�M�b �i�?���i �U�B�V �7���i�B�;�m�2 �+�Q�b�i�b ��� �̀2 �H�Q�r �2���`�H�v

�B�M �i�?�2 �b�?�B�7�i�- �U�B�B�V �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2 �Q�7 �#�2�B�M�; � �̀2�b�i�2�/ �p���M�B�b�?�2�b ���b �i�?�2 � �̀2�K���B�M�B�M�; �?�Q�`�B�x�Q�M �#�2�+�Q�K�2�b

�b�?�Q�`�i�- ���M�/ �U�B�B�B�V �b�+�?�2�/�m�H�2 �+�Q�b�i�b � �̀2�/�m�+�2 �+�Q�M�i�B�M�m���i�B�Q�M �b�m�`�T�H�m�b �M�2���` ���M�/ ���7�i�2�`T �- �i�?�2 �7�Q�H�H�Q�r�B�M�; �?�Q�H�/�b�X

�1�p���H�m���i�2�/ ���H�Q�M�; �� �i�v�T�B�+���H �7���i�B�;�m�2 �i� �̀��D�2�+�i�Q�`�v �B�M �r�?�B�+�?d ���+�+�m�K�m�H���i�2�b �r�B�i�? �i�B�K�2 �Q�M �b�?�B�7�i�- �i�?�2 �r�Q�`�F��

�#� �̀2���F �+�Q�K�T���`�B�b�Q�MD W B
t �B�b �+�H�Q�b�2�b�i �i�Q �x�2� �̀Q ���i �B�M�i�2�`�K�2�/�B���i�2 �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�M�b�- ���M�/ �i�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i

�+�Q�K�T���`�B�b�Q�MD CQ
t �B�b �+�H�Q�b�2�b�i �i�Q �x�2� �̀Q �M�2���` �i�?�2 � �̀2�;�m�H���` �2�M�/�T�Q�B�M�i�X

�S�`�Q�Q�7�X�"�v �S�`�Q�T�Q�b�B�i�B�Q�M�R�-Vt (d; y; T) = y + H t (d; T)�- �b�Q �`�2���H�B�x�2�/ �B�M�+�Q�K�2y �+���M�+�2�H�b �7�`�Q�K ���H�H �T�Q�H�B�+�v

�+�Q�K�T���`�B�b�Q�M�b�X

�q�Q�`�F���#�`�2���F �+�Q�K�T���`�B�b�Q�M�X�h�?�2 �+�Q�K�K�Q�M �i�B�K�2 ���M�/ �b�+�?�2�/�m�H�2 �+�Q�b�i�b (t) + � t (T) �2�M�i�2�` �#�Q�i�? �q�Q�`�F

���M�/ �"�`�2���F �B�/�2�M�i�B�+���H�H�v ���M�/ �+���M�+�2�H �7�`�Q�K �i�?�2 �/�B�z�2�`�2�M�+�2�- �v�B�2�H�/�B�M�;

D W B
t (d; T) = � c(d) + w + H t+1 (d + 1; T) � H t+1 (0; T):

�h�?�2 �}�`�b�i �i�2�`�K �B�b �i�?�2 �+�m�`�`�2�M�i �7���i�B�;�m�2 �+�Q�b�i �Q�7 �r�Q�`�F�B�M�;�c �i�?�2 �H���b�i �i�r�Q �i�2�`�K�b �`�2�~�2�+�i �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M

�p���H�m�2 �Q�7 �#�2�B�M�; �`�2�b�i�2�/�X �1�p���H�m���i�2�/ ���H�Q�M�; �� �i�v�T�B�+���H �7���i�B�;�m�2 �i�`���D�2�+�i�Q�`�v �B�M �r�?�B�+�?d ���+�+�m�K�m�H���i�2�b �r�B�i�?

�i�B�K�2 �Q�M �b�?�B�7�i�, �2���`�H�v �B�M �i�?�2 �b�?�B�7�i�-d �B�b �b�K���H�H ���M�/ �+�Q�M�/�B�i�B�Q�M �U�B�V �B�K�T�H�B�2�bc(d) � 0�- �b�QD W B
t � w +

[H t+1 (d + 1; T) � H t+1 (0; T)]�- �r�?�B�+�? �B�b �H���`�;�2 ���M�/ �T�Q�b�B�i�B�p�2 �U�q�Q�`�F �b�i�`�B�+�i�H�v �/�Q�K�B�M���i�2�b�V�X �G���i�2 �B�M �i�?�2

�b�?�B�7�i�- �+�Q�M�/�B�i�B�Q�M �U�B�B�V �B�K�T�H�B�2�b �i�?���i �i�?�2 �+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2 �Q�7 �#�2�B�M�; �`�2�b�i�2�/ �B�b �b�K���H�H�X �h�?�2 �r�Q�`�F���#�`�2���F

�+�Q�K�T���`�B�b�Q�M �B�b �i�?�2�M �;�Q�p�2�`�M�2�/ �T�`�B�K���`�B�H�v �#�v �i�?�2 �+�m�`�`�2�M�i �M�2�i �p���H�m�2 �Q�7 �r�Q�`�F�B�M�; �Q�M�2 �K�Q�`�2 �T�2�`�B�Q�/�- �`���i�?�2�`

�i�?���M �#�v �i�?�2 �p���H�m�2 �Q�7 �T�`�2�b�2�`�p�B�M�; �7�m�i�m�`�2 �r�Q�`�F �+���T���+�B�i�v�X �l�M�/�2�` �i�?�2 �b�i���i�2�/ �`�2�;�m�H���`�B�i�v �+�Q�M�/�B�i�B�Q�M �i�?���i

�i�?�B�b �+�Q�K�T���`�B�b�Q�M �B�b �M�Q�i �+�H�Q�b�2 �i�Q �x�2�`�Q �7�Q�` �i�v�T�B�+���H �H���i�2�@�b�?�B�7�i �b�i���i�2�b�- �i�?�2 �r�Q�`�F���#�`�2���F �K���`�;�B�M �B�b �H�2�b�b ���+�i�B�p�2

�H���i�2 �B�M �i�?�2 �b�?�B�7�i�X ���i �B�M�i�2�`�K�2�/�B���i�2 �b�+�?�2�/�m�H�2 �T�Q�b�B�i�B�Q�M�b�-c(d) �B�b �M�Q�M�@�M�2�;�H�B�;�B�#�H�2���M�/�i�?�2 �`�2�H�B�2�7 �p���H�m�2

H t+1 (0; T) � H t+1 (d + 1; T) �B�b �b�m�#�b�i���M�i�B���H�- �b�Q �i�?�2 �i�r�Q �i�2�`�K�b �+���M �#�2 �Q�7 �+�Q�K�T���`���#�H�2 �K���;�M�B�i�m�/�2 ���M�/

D W B
t �B�b �+�H�Q�b�2�b�i �i�Q �x�2�`�Q�X

�*�Q�M�i�B�M�m�2���[�m�B�i �+�Q�K�T���`�B�b�Q�M�X�h�?�2 �+�Q�M�i�B�M�m�2���[�m�B�i �/�B�z�2�`�2�M�+�2 �B�b

D CQ
t (d; T) = H cont

t (d; t; T );

�N



�r�?�2�`�2H cont
t �B�b �i�?�2 �T�`�2�@�K���t�@�r�B�i�?�@�x�2�`�Q �+�Q�M�i�B�M�m���i�B�Q�M �b�m�`�T�H�m�b�X �6�Q�`t < T �-� t (T) = 0 �- �#�m�iVt+1 �2�K�#�2�/�b

�i�?�2 �2�t�T�2�+�i���i�B�Q�M �Q�7 �7�m�i�m�`�2� s(T) �7�Q�`s � T �- �b�QCt �7���H�H�b ���bt ���T�T�`�Q���+�?�2�bT �7�`�Q�K �#�2�H�Q�r�X �6�Q�`t > T �-

� t (T) = ' (t � T) > 0 �/�2�T�`�2�b�b�2�bCt �/�B�`�2�+�i�H�v�X �"�Q�i�? �7�Q�`�+�2�b �/�`�B�p�2D CQ
t �i�Q�r���`�/ �x�2�`�Q ���`�Q�m�M�/T �X �h�?�2

�m�M�#�Q�m�M�/�2�/ �;�`�Q�r�i�? �Q�7' �2�M�b�m�`�2�b �i�?���iD CQ
t �2�p�2�M�i�m���H�H�v �+�`�Q�b�b�2�b �x�2�`�Q�c �m�M�/�2�` �+�Q�M�/�B�i�B�Q�M �U�B�B�B�V�- �i�?�B�b �+�`�Q�b�b�B�M�;

�Q�+�+�m�`�b �M�2���` �i�?�2 �`�2�;�m�H���` �2�M�/�T�Q�B�M�i�X

�h�?�2 �b�m�{�+�B�2�M�i �+�Q�M�/�B�i�B�Q�M�b ���`�2 �b�i���i�2�/ �B�M �i�2�`�K�b �Q�7 �/�2�`�B�p�2�/ �Q�#�D�2�+�i�b �U�+�Q�M�i�B�M�m���i�B�Q�M �p���H�m�2�b ���M�/ �i�?�2
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